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When the covariant form of Maxwell’s equations are applied to a rotating reference frame, a choice
must be made to work with either a covariant electromagnetic teRggror a contravariant
electromagnetic tensdf“?. We argue that which tensor one chooses is ultimately dictated by
whether one chooses to express the electric and magnetic fields in terms of a vector basis or in terms
of a one-form basis, dual to the vector basis. We explain that when fields are expressed as
one-forms, the covariant electromagnetic tensor is used; and when fields are expressed as vectors,
the contravariant tensor is used. Using this formalism, we derive general field equations expressed
in terms of vector and one-form fields in the rotating and laboratory frames when matter is present.
Fields in the presence of matter are then related to those in a vacuum by using a covariant form of
Minkowski’s constitutive equations, generalized to noninertial frames. Both vector and one-form
field equations are used to derive the fields observed in the reference frame of a polarizable,
permeable cylinder that rotates within an axially directed magnetic field. We find that the vector and
one-form field equations both lead to predictions consistent with experimental results. We conclude
that the choice between working with a covariant or contravariant electromagnetic tensor depends
upon whether one chooses to express fields as vectors or as one-formsgg @merican Association

of Physics Teachers.

[. INTRODUCTION to provide a mathematical framework with which to explain
why different field equations arise in a rotating frame, and to

In a recent paperwe demonstrated one method by which shed further light on the correct method by which relativistic
relativistic electrodynamics can be extended to include rotatelectrodynamics can be applied to rotating media.
ing isotropic, linear media. Covariant field equations were One important point to recognize is that fields, such as the
used to derive general field equations in a rotating coordinatglectric and magnetic fields, can be expressed either in terms
system. Fields in the presence of matter were then related ®f & vector basige,} or in terms of a one-form bas{§v“},
the electric and magnetic fields by use of a covariant form ofiual to the{e,} according to®*(ez) = 85.57*° As is very
Minkowski's constitutive equatiorn’.> We showed that us- well known, any contravariant vectarcan be expressed as a
ing Minkowski’s covariant constitutive equations in rotating superposition of basis vectofs,} asv=wv»“e,, where{e,}
coordinates leads directly to the correct constitutive equaare distinct, linearly independent vectors. Similarly, any co-
tions and hence to the correct field equations in the rotatingariant vecto’ can be expressed as a superposition of basis
reference frame when matter is preséie concluded that one-forms{W*} as V=»,®“, where the basis one-forms
relativistic electrodynamics can be used for rotating linear«\ are distinct and linearly independent. In general, the
media only when a covariant form of the constitutive equa,gctor components® and the one-form componenis, are

tions irs1 used. f formi h vsi h not equal, but instead are mapped into each other by use of
In the course of performing that analysis, we chose Qe metric tensor. For example, vector componefitsan be

work with the covariant electromagnej[ic tendeg;, com- mapped from the vector basis,} to a one-form basi&w*)
posed of the components of the electric and magnetic fleldsby using the metric tensovza=gaﬁvﬁ. Or conversely, one-

An alternative approach is to define the components of th? rm component nbe m d from the one-form basi
electric and magnetic fields to comprise a contravariant elec2M components,, can be mapped 1o € one-io asis

tromagnetic tensoF“#. We pointed out that either the co- LW I © lhe \o{gctor basige,} by using the inverse metric
variant or contravariant tensor can be used so long as one {gnSOrv"=9"vg.

consistent throughout the analysis. However, although both 1he same relat|oﬁnsh|p holds true for second rank electro-
tensors lead to field equations of the same form in an inertigh@gnetic tensorg“” andF, ;. A basis for all second rank
reference frame, when acceleration is present, such as inG@ntravariant tensors &,®eg, where® represents the outer
rotating reference frame, the covariant and contravariant terroduct, and a basis for all second rank covariant tensors is
sors lead to different sets of field equatidrBifferent pre- W@ ®* .8 The components of contravariant tensors are vec-
dictions for the fields observed in a rotating reference framéor components, and the components of covariant tensors are
are then obtained. This is confusing: all observers at rest in @ane-form components. Thus, whether one works with the
particular reference frame ought to be able to agree on theovariant or contravariant electromagnetic tensor is actually
form of the electric and magnetic fields observed in thatdependent upon whether one chooses to express the electric
frame. Thus, we expect that rotating observers working wittend magnetic fields as vectors or as one-forms. When fields
a covariant electromagnetic tensor should obtain results th&re expressed as vectors, the contravariant electromagnetic
are consistent with rotating observers working with a contratensor F*# is composed of the vector components of the
variant electromagnetic tensor. It is an objective of this papeelectric and magnetic field$E',B'}, and the covariant ten-
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sor is obtained by using the metric tensor to map those conrelativity for the case of uniform motioh?#%'*We then
ponents onto the one-form basis according F,;  explain that observers in the lab frame can analyze experi-
=04,0s,F*". On the other hand, when fields are expressednents qulvmg rotation by using elth?r pair of constitutive
as one-forms the covariant electromagnetic tergj is equations in conjunction with Maxwell’s field equations.
composed of the one-form components of the electric and N S€c. V, we demonstrate the application of both field
magnetic fields{E; ,B;}, and the contravariant tensor is ob- equations derived on the basis of one-forms and those de-

: ; ived on the basis vectors in a rotating frame. To do this
tained by mapping the one-form components to the vecto lve : ; X . '
basis by using=*f=g*#g#’F ,, . As pointed out above, the oth sets of field equations are used to derive the fields ob-

erved in the reference frame of a hollow cylinder with elec-

vector components an_d one-_form components are not equéjic permittivity e and magnetic permeability that rotates
and thus cannot be directly interchanged. In an inertial refWithin an external, axially directed magnetic figlft:> we
erence frame, this distinction is easily missed simply becau I ]

M I's field . th ‘ ith Sssume that all fields are static, and that the cylinder is com-
axwell's TIeld equalions assume the same form wi re'posed of a material that precludes free charges and currents.

spect to either l_)aS|_s. However, in a non_lnertlal frameCarrying this out, we show that one-form fields and vector
wherein acceleration is present, expressing fields as vectoga s gitfer in form in the rotating frame, but assume the
or as one-forms leads to different sets of field equations. It iSame form in the inertial frame of the laboratory

our opinion that the confusion surrounding the choice of co- |, the Appendix, we derive field transformations that re-

variant VEersus Contravariant' electromagnetic tensors arisgge quantities in the rotating frame to those in the lab frame.
from a failure to fully recognize that the components of CO-\yg pegin by noting that, although the rotating frame has a
variant and contravariant tensors are defined with respect {Qi5tional velocity relative to the lab frame, at any given
different bases. . . __instant a momentarily comoving reference fraMCRF) of

In the next section we use the covariant form of Maxwell's 5, gphserver at rest in the rotating frame has a uniform veloc-
equations in rotating coordinates to derive three-dimensiongly re|ative to the lab frame. Using this observation to our
field equations for the rotating frame. We begin by consid-3qyantage, we first derive a relationship between fields in the
ering the case when rotating observers express fields as ON@tating frame and those in the MCRF, and then use a Lor-
forms. The covariant electromagnetic tensor is composed Qfntz transformation to relate fields in the MCRF to those in
the one-form components of the electric and magnetic fieldspe |ap frame. Upon eliminating MCRF quantities between
and the contravariant electromagnetic tensor is obtained bye two transformations, we obtain a direct transformation
use of the inverse metric tensor in rotating coordinates. Genyetween the rotating and lab frames. We then transform the
eral field equations in three-dimensional notation are obgoyariant and contravariant electromagnetic tensors from the
tained, expressed in terms of one-form fields in the presenq@p frame to the rotating frame. Carrying this out, we arrive

of matter. Next, we turn to the case in which rotating observyt transformations relating vector and one-form fields in the
ers express fields as vectors. In this case, the contravariagitating frame to those in the lab frame.

electromagnetic tensor is composed of the vector compo-
nents of the electric and magnetic fields, and the covaria
tensor is obtained by using the metric tensor in rotating coj' FIELD EQUATIONS IN THE ROTATING
ordinates. General field equations are again obtained, but thREFERENCE FRAME

time, expressed in terms of vector fields in the presence of Although rotation does not lead to space—time curvature, a
m?ttesr. " late fields in th f matter t rotating reference frame is not a truly inertial frame of ref-
n Sec. 1l we refate neids in the presence ol matler 0g ence que to the presence of inertial foreEs e Maxwell’s

:h?se In a \t/_acuurp bty_ ut3|r:jg a got\)/ar:\z/li_ntkformkpf thlegggnsn'equations can be extended to encompass accelerating frames
utive equations, Tirst Introducead by MINKOWSKI N * by using the covariant field equations in arbitrary

We start by noting that, as with the field equations, one has 8oordinated” 18

choice in expressing fields as one-forms or as vectors. We '

then point out that in order to maintain consistency through- ~ V ,H**=47j#, (1a
out the analysis, we must use the same fields that were used wdy E =0 1b

in deriving the field equations. Adhering to this rule, we € vioKNTT (1b)
derive one-form and vector constitutive equations, and thewhere source charges and currents are given by the current
substitute them into the corresponding set of field equationS()ur_\/ectorjﬂ and we have used’ and will continue to use,
derived in Sec. II. Carrying this out, we obtain one-form andynits in which the speed of light is set equal to unity: 1.
vector field equations for the rotating frame in the presencoting that in rotating coordinates the covariant derivative is

of matter. We then bring Sec. 1l to a close by using a covaexactly equal to the ordinary partial derivativehe field
riant form of the polarization and magnetizatiolo derive equations can be rewritten as

one-form and vector expressions for the polarization and

magnetization in the rotating frame. We find that as with the ~ doH**=4mj?, (23
constitutive equations, expressing fields as one-forms or as VNG E =0 (2b)
vectors leads to different forms for the polarization and mag- vioe

netization in the rotating frame. As can be seen, Eq2a) is expressed in terms of a con-

Section 1V is devoted to deriving constitutive equationstravariant electromagnetic tensor whereas E2p) is ex-
for a rotating material, observed in the laboratory referencgressed in terms of a covariant electromagnetic tensor. Thus,
frame. This is accomplished by using field transformations t@ne can choose to work with either the covariant electromag-
transform the constitutive equations from the rotating framenetic tensor~,; or the contravariant tensdt*? so long as
to the lab frame. For both one-forms and vectors, we arriv@ne is consistent throughout the analysis. As pointed out in
at constitutive equations in agreement with Minkowski's the Introduction, which tensor one chooses is ultimately dic-
constitutive equations, first obtained in 1908 by using specialated by how one chooses to describe fields in the rotating
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reference frame. The electric and magnetic fields can be ex- Vx(E’'+vxB’)=0, (100

pressed in the usual way as vectérs E'e andB=B'g, or L

the fields can be expressed as one-fofrsE;W' and B VXH' =4 (109

=B, .%° These are the three-dimensional field equations for the rotat-
When the electric and magnetic fields are expressed d89 reference frame, written with respect to a vector basis

one-forms, the covariant field tensby,; assumes its famil- {ed}-

iar form as

0 E: Ex» Es [Il. CONSTITUTIVE EQUATIONS IN THE
-E, 0 -B; B, ROTATING FRAME

P —E; Bs 0 -Byf’ ® As yet, we have not specified a relationship between the
~E, -B, B, O auxiliary fields,D andH, and fundamental field€& andB.!’

We can relate auxiliary fields in the presence of matter to the

and the contravariant tensbr*# is obtained by raising indi- fundamental fields by using a covariant form of the consti-

ces with the inverse metric tensor: tutive equations, first introduced by Minkowski in 1998
Fef=g* gP'F,,. (4 H*u,=eFu,, (11a
Using the inverse metric tensor in rotating coordinates, given e"W”FWuV:Me"W”HWuV, (11b

In the Appendix, Eq(4) leads to where the electric permitivityg and magnetic permeability

Fo=(E-vxB’),, (59  are proper quantities defined in the local rest frame of the
) . 5 ~ material. As in the case of the field equations, however, a
Fil=—€e*B-vx(E-vXxB")), (5b)  choice must be made between working with a covariant or

e . . ontravariant electromagnetic tensor. As pointed out in the
where quantities in the rotating frame carry a prime, andy,, previous sections, this choice hinges on whether one
observers at rest in the rotating frame have veloaity chooses to express fields as one-forms or as vectors. Since
= wre, relative to the laboratory frame. Using Eq8) and  the constitutive equations will be used in conjunction with
(5 in Egs. (2), and limiting ourselves to the case of static the field equations, in order to maintain consistency through-

fields, we find that the field equations are out the analysis, we must use the same fields that were used
~ S , in deriving the field equations.
V- (D—vxH")=4mp’, (63 When observers in the rotating frame express fields as
V.B'=0 (6b) one-forms, Eqs(11) are used in conjunction with the cova-
' riant electromagnetic tensor given by H). Generalizing
VxE'=0, (60) to noninertial frames, Eq¢11) are then
- - - MY, ut=eg®F, ,Uu*, (123
VX(H'=vx(D'+vxH"))=4mj". (6d) 9w 9"
€™MF L ,0,00%= we™H H) ,0,5U°, (12

These are the general field equations for the rotating refer- . ) . ) ) )
ence frame, written in three-dimensional notation with re-According to the metric tensor in rotating coordinates, given
spect to a one-form bas{§/*}. in the Appendix, an observer at rest in the rotating frame has
Conversely, when the electric and magnetic fields are exa four-velocityu®=y(1,0,0,0), wherey=1/y1~ v Using
pressed as vectors, the contravariant form of the field tensdhis four-velocity and the metric tensor in Eq$2), we find

FeB ig that auxiliary fields are related to fundamental fields accord-
ing to
o -E' -g* -E® -
El 0 —83 Bz D,:6EI, (136)
Fob= 5 3 1 (7) 1. 1 1 ~
E= B 0 -B H’=—B’+—2—(e——v><E’, (13b
E3 _ BZ Bl 0 M (1_ v ) M

. . . . where quantities in the rotating frame carry a prime. Substi-
and the covariant tensdf,; is then obtained by lowering tuting Eqs.(13) into Eqs.(6) leads to

indices with the metric tensor:

~ 1. 1 1 ~
— v ) r_ Y - Y _ ! — !

. Faﬁ gaugévF . . . . . (8) \Y (EE VX,U,B (1_1}2) (E “ VX(VXE )) 47Tp y

Using the metric tensor in rotating coordinates gives (143

Foi=(E'+VvX(B'+VXE")), (9a v.B =0 (14b)

Fijzﬁijk(Bl‘f‘VXE/)k. (gb) VXE,:O, (14C)
This time, using Egs(7) and(9) in Egs.(2), and again lim- 1

iting ourselves to static fields, leads to Vx| =B —vx E’+v><(v><§’))) =4’ (140
V-D'=4mp’, (109 K

These field equations are those used by observers at rest in
V- (B'+vXE')=0, (10b  the rotating frame that choose to express fields as one-forms.
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Observers in the rotating frame choosing to express fields Hef=F«f_47zM25, (22)

as vectors use Egéll) in conjunction with the contravariant , , L )
electromagnetic tensor given by E). In this case, Egs. I which the contravariant magnetization four-tenbbt? is

(12) are written in the form defined as
A v__ A v 1 2 3
H g, u’=eF g, u’, (159 0 ) P P . P2
GUXMVg)\ag;LBFaBgvﬁuézM€U)\Mvg)\aguBHa'BgV§u§' MO‘B: -P 0 M M . (23)
(15b) -pP2 M3 0o -—-mt
Carrying out the same procedure used to obtain B@, we -P? —M?%2 Mt 0

find that auxiliary and fundamental fields are related by Substituting Eq(22) into each of Eqs(15) and then solving

1 for M*# gives
D'=€¢E'+ ——| e— —|vXB’, (169
(1-v9) M . 1 .
1 Mg, u"=,— (e~ 1)Fg,,u", (243
H'=—B'. (16b
M Elr)\luvg)\agp,ﬁM aﬁgyﬁu§
Upon substituting these constitutive equations into E4@), 1 1
we find that the field eq'uations used by rotating observers :4_(1_ =z e”“‘"g}\ag#ﬂF“ﬁgwu‘s. (24b)
that choose to express fields as vectors are ™ M
1 1 The vector polarization and magnetization in the rotating
V\eE'+ ——| e— —|vXB'|=4mp’, (179 frame are then
(1-v%) M L L L
. /+ X 'y — r— _ ! - o X !
V- (B'+vXE")=0, (A7 P 477(6 1E +47T(1—1/2)<6 P vXB', (259
VX(E'+vXB')=0, (179 1 1
1 M'=4— 1——)8'. (25b)
Vx;B'=47Tj'. (170 ™ K

Upon comparing Eqgs(25) and (21), it is apparent that as
At this point, we should mention that Eq4.1) can also be with the constitutive equations, expressing fields as one-

used to obtain expressions for the polarizafand magne- forms or as vectors leads to different forms for the polariza-

tization M observed in the rotating reference fram@otat-  tion and magnetization in the rotating frame.

ing observers that work with one-forms begin by taking

Haﬁ:FaB_47TMaﬁ’ (18)

whereM 4 is the magnetization four-tensor composed of the
components of the polarization and magnetization:

IV. CONSTITUTIVE EQUATIONS IN THE
LABORATORY REFERENCE FRAME

We now turn to the problem of finding constitutive equa-
tions for a rotating medium, observed in the laboratory ref-

0O -P, —-P, —Pg erence frame. To do this, we transform the constitutive equa-
p 0 -M M tions from the rotating frame to the lab frame. As shown in
M o= ! 3 20 (199  the Appendix, one-form fields in the rotating frame are re-
P, Mgs o -M lated to those in the lab frame according to
P; —M, M; 0 L _ y _
Substituting Eq(18) into each of Eqs(12) and solving for E'=E+vxB- v+1 (v-Bv, (263
M,z leads to 5
. 1 . B'=y(B—VXE)+ y2yx(E+vxB)— er:L(V-E)v,
a M _ a y2
g M)\,u.u 477(6 1)9 F,u)\u ' (203) (26b)
€"MUM, 0 u‘$=i 1— 1 e™ME, g,su’.  (20b) D'=D+vxH- L(v-f))v (260
AuIdvs A M AudvdY - ,y_,r_ 1 ’
Following the same steps used to derive the constitutive _ - - ) - - 2 -
equations, Eqs(13), we find that the polarization and mag- H'=y(H=vXD)+yvX(D+VvXH)— ——=(v-H)v,
netization in the rotating frame are Y
(260
Pr= i(s—l)ﬁ' (213 where primes denote quantities in the rotating frame, and
4m =1/\1— 2. Substituting Eqs.(26) into the constitutive
_ 1 1\ 1 1 5 equations given by Eq$13), and then solving fob andH,
M'= —|1-_|B'+ yrpr i VXE'. we find that the constitutive equations for the rotating me-
K® ® (21b) dium, observed in the laboratory frame, are
; 1 2\ 1 ~ ~
On 'ghe other hand, when fields are expressed as vectorB,: 5 ( e —|Bt|e—= [v><B—(v~E)v]), 273
rotating observers use (1—v9) s s
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~ 1 1 P
H:(l_yz) ;_61/ B+

1 ~ ~
€— ; [VXE+(v- B)v]) .

(27b
And upon rearranging Eq$27), we find that the resulting

equations are identical to Minkowski's constitutive equa-
tions, first obtained in 1908 b]y using special relativity for the

case of uniform motior24>*

B= (g oayy (= v)+ (en—DvxF—e(v- B,
(28
B= g ayyy (H(L= )= (en = DIVXE-n(v-F)v).

(28b)

> B
r IS IIY, A1
" rT > B
1
+L_L_ . N a)l\ J
>
777777 7
> B

Fig. 1. A side cut-away view of a hollow cylinder of polarizable, permeable
material that rotates within an external, axially directed magnetic field with
velocity v=wre, relative to the laboratory reference frame. Rotating and
laboratory observers alike detect the presence of an electric field between
inner and outer surfaces of the cylinder.

Then, by using Eq¥30), lab frame observers can rewrite the

These constitutive equations are those used by observers figld equations in the forf

the laboratory frame that choose to work with one-form

fields.

Also shown in the Appendix, vector fields in the rotating

and lab frames are related according to
3

E'=9%(E+VvXB)—y’vX(B—VXE)— y+1(V-E)V,
(293
2
B'=¥(B-VXE)= 1 (v-B), (299
3
D' =% D+vXH)—y*vX(H-vXD)— y+1(V~D)v,
(299
2
H' =y(H—-vXD)— (v-H)v. (290

y+1

Following the same procedure used to obtain E}8), we
substitute Eqs(29) into Eqgs.(16), and then solve fob and

B. Carrying this out again leads directly to Minkowski's

1908 constitutive equatiorts>*>1*

D= (—1T)(€E(1— 1?)+(ep—1)[VXH—e(v-E)V]),

l-€euv
(303
1
B= 1=y (WH(L= %)= (en—DIVXE=u(v-H)V]).
(30b

These constitutive equations are used by those lab frame 05—

one-form constitutive equations given by Eq28). Al-

though different constitutive equations arise in the rotatin
frame, one-form fields and vector fields lead to constitutive

equations of the same form in an inertial frame.

Field equations in the lab frame can be obtained by use of

either Eqs.(28) or (30) in conjunction with Maxwell’s field

equations. Assuming static vector fields, for example, ob-
servers in the lab frame begin by writing Maxwell’s field

equations as

V-D=4mp, (319

V-B=0, (31b

VXE=0, (310

VXH=4mj. (310
418 Am. J. Phys., Vol. 67, No. 5, May 1999

V~( ! (E_,,_Z E+ e—i[VXB—(V'E)V])
=\ w 1
=417p, (329
V-B=0, (32b
VXE=0, (329
1 1 ) 1
VX m (;—ev B+<e—; [VXE+(v-B)V] )
=47j. (320

An identical set of field equations is obtained when one-form
fields are used in the lab frame. Observers in the lab frame
can use either set of field equations to analyze experiments
involving axial rotation so long as consistency is maintained
throughout the analysis.

V. DERIVING THE FIELDS OBSERVED IN THE
REFERENCE FRAME OF A ROTATING CYLINDER

As demonstrated in the preceding sections, when observ-
ers in a rotating frame define fields as one-forms, the form of
the resulting field equations differs from those obtained by
observers defining fields as vectors. In this section, we use
both sets of field equations to derive the fields observed be-
tween inner and outer surfaces of a hollow cylinder with
electric permittivity e and magnetic permeability that ro-
tates within an external, axially directed magnetic frefd?
igure 1 shows a cut-away view of a such a cylinder. We
ssume that all fields are static, and that the cylinder is com-

eposed of a material that precludes free charges and currents.

Rotating observers choosing to express fields as one-forms

goegin by using the field equatiorfs

- 1.
v.(eE’—vx—B’):o, (333
M
V.-B'=0, (33b
VXE'=0, (330
1 _ -
V X ;(B'—VXE’) =0, (330

where we have neglected terms of higher order thaand
v=uwre, is the velocity of the rotating cylinder. Since the
external magnetic field is parallel to the axis of the cylinder,
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Eq. (333 implies that the normal component e’ —v Bour=Bour- (41b

g(llﬂ)g, is CO’“L”“OES atlthg surfac](caf of thle Irotatifng m‘Z‘Substituting these fields into E@¢40), and noting that Eq.
ium. Assuming that the cylinder is sufficiently long for en 399 imolies thatB' = uB. - for the case of an axiall
effects to be ignored, Eq33a then implies that Ejired)cted I?nagnetic filgld MWGOLfJi.II:]d that Y

- 1. - -
EINEIN_VXMIN Bin=Eour—VXBour, (34) VX B 42)
ouT-

, 1
En= e M
where the subscripts denote quantities taken inside or outside o .
the material, and we have takes,,; and uoyr equal to  This electric field is the one detected by rotating observers

unity. Outside the material, the fields in the lab frame arethat choose 30 ﬁxprebss fields as Y]ecltokgs Usin%ﬂ).in Eq. I
EOUT:6 andEOUﬁ&T). Using these fields in Eq$26a and (293, we find that observers in the lab frame detect an elec-

PR ; ; .16
(26b) gives the external fields in the rotating frame as tric field identical to that given by Ed38):

-, - 1
Eour=VXBour, (353 En= (;_M

Bour=Bour- (350 As expected, one-form and vector fields assume different
Thus, the right-hand side of E34) is zero. Simplifying a  forms in the rotating frame, but take on the same form when

bit, Eq. (34) then leads to transformed to the inertial frame of the laboratory. Therefore,
1 field equations obtained on the basis of one-form fields and
B =~ yxB (36) those obtained on the basis of vector fields both lead to pre-
IN IN» - ; ; ;
dlCtIOﬂ?G 1t1hg[ are consistent with known experimental

where we have dropped the subscripts frefg and wuy . results.

Again taking into consideration that the magnetic field is
parallel to the axis of rotation, Eq33d) implies thatB|y,

=,u§(’)UT. Substituting this relationship into E¢36) gives VI. CONCLUSIONS

1 . We have shown two methods by which Maxwell’'s equa-
En=—VXBgur- (37)  tions can be applied to rotating linear media. In the first

€ method, the covariant electromagnetic tensgg was used,

This is the electric field, between inner and outer surfaces odnd in the second method, the contravariant teRs$érwas
the cylinder, that is detected by observers in the rotatingised. We began by explaining that whether one works with a
frame that work with one-form fields. And upon using EQ. covariant or contravariant tensor is dictated by whether one
(37 in Eq. (269, we find that observers in the lab frame chooses to express fields in terms of a vector basis or in

detect an electric field of the fortf terms of a dual one-form basis. Using this formalism, general
1 field equations were derived in terms of both vector fields

=S B and one-form fields in the rotating and laboratory frames.
En M VX Boyt- (38 . X :

€ Fields in the presence of matter were then related to those in

a vacuum by using the covariant form of Minkowski’s con-
stitutive equations;® generalized to noninertial frames.
Next, the constitutive equations were transformed from the
rotating frame to the lab frame. Carrying this out, we found
vX B’)=0, (398 that although vector and one-form constitutive equations dif-
fer in the rotating frame, in the lab frame both pairs of con-
V-(B'+VvXE')=0, (39  stitutive equations are in agreement with the 1908 constitu-
tive equations of Minkowsk}:2#5:11
VX(E'+vXB')=0, (399 We then demonstrated the use of vector and one-form field
1 equations in a rotating frame. Both sets of field equations
VX—B'=0, (39¢  Were used to derive the fields observed in the reference frame
M of a polarizable, permeable cylinder that rotates within an
ially directed magnetic fieli®? As expected, we found
at vector and one-form fields take on different forms in the
otating frame, but assume the same form in the inertial
rame of the laboratory.
We conclude that when applying the covariant form of
Maxwell's equations to a noninertial frame, the choice be-
VX Bijy=Equyr- (40 tween working with a covariant or contravariant electromag-
netic tensor depends upon whether one chooses to express
Taking the external fields in the lab frame tolBg ,y=0and fields in terms of a vector basis or in terms of a dual one-

Bout#0, EQgs.(299 and(29b) imply that the external fields form basis. More particularly, we conclude that the electric

On the other hand, when rotating observers work with
vectors, the field equations assume the form

V-(eE'+

e— —
Mm

where as before we have neglected terms of order high
thanv. According to Eq.(398, when the external magnetic
field is parallel to the axis of rotation, rotating observers car{
write

!
enEnT| ENnT —
MIN

in the rotating frame are and magnetic fields can be expressed either as vectors or as
, one-forms so long as one is consistent throughout the analy-
Eour=0, (41a s,
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APPENDIX: DERIVING A DIRECT FIELD ¥ vy vy O
TRANSFORMATION FROM THE LABORATORY N 14 22A A O
FRAME TO THE ROTATING FRAME La IXT | XY VA Iy (A6)
B ox"P vy vy A 1+ Vf,A of’
We wish to derive a transformation that relates fields ob- 0 0 0 1
served in a rotating reference frame to those observed in a
laboratory frame. The metric tensor in the rotating coordinate
system i&71° in which A=(y—1)/v?. Equating Eqs(A3) and (A5) and
solving for F' leads to an expression that transforms quan-
1-v2 —v, — vy 0 tities from the lab frame directly to the rotating frame:
e —10 0 , N -1
0,5= , (A1) F'=(LR™%)'F(LR™%). (A7)
APl =», 0 -1 0
0 0 0 -1 Working out the matrix multiplication, we find that EGA7)
can be rewritten simply as
where we have taken,= —wy’ andvy=wx’, andv?=14
+ vf,. The inverse metric tensor in rotating coordinat€s is F'=NTFN, (A8)
1 — vy —vy 0 whereN is given by
2
ges| e THTmO mey 00 1w (=) 0
vy oy Tl4y 0 ve 1H15(A=9%)  way(A-y) 0
Ng= .
0 0 0 -1 P vy vy (A—y%) 1+ V§(A— ¥?) 0
We begin by noting that, although the rotating frame has a 0 0 0 1 (A9)

velocity v=wre, relative to the lab frame, at any given in-

stant a momentarily comoving reference frafMCRF) of  Upon inserting the covariant electromagnetic tensor,
an observer at rest in the rotating frame has a uniform veloc-

ity v relative to the lab frame. Thus, we can obtain a rela- 0 E1 Ez Es

tionship between fields in the rotating and lab frames as fol- -E, 0 -B; B,

lows. We first find a relationship between fields in the Fop= , (A10)
rotating frame and those in the MCRF, and then we use a —-E; Bs 0 -B;

Lorentz transformation to relate fields in the MCRF to those ~-E; —-B, B 0

in the lab frame. Upon eliminating MCRF quantities between
the two transformations, we find a direct transformation frominto the right-hand side of EqA8), and noting that the

the lab frame. to the rotating frame. components oF ,; are the components & andB, we find
The covariant electromagnetic tensefs can be trans-  that one-form fields in the rotating frame are related to those
formed from the rotating frame to the MCRF by using in the lab frame by
n_ple! ~ ~ ~ ~
F'=R'F'R, (A3) E'=E+vx B—yTyl(vE)v, (Al13)

whereF” is the electromagnetic tensor in the MCRF, is
the transpose oR, and R is a transformation that relates = s 200 (B = =
quantities in the rotating frame to those in the MCRF, given B'=y(B=vXE)+yvX(E+VvXB) v+1 (v-B)v,
by"20 (Allb

2

y ny? vy O where quantities in the rotating frame carry a prime. Carry-
X y ing out the same procedure used to find Edel1), analo-
Ra:ax _ o 1 0 (A4) ~ 9ous transformations for auxiliary fieldd and H are ob-
B~ ox"B 0 ol’ tained:
0O o 1 o _ y ~
D =D+VXH—m(V-D)V, (Al12a)
in which y=1/\/1— »2. Similarly, the electromagnetic tensor 2
can be transformed from the lab frame to the MCRF by using ' = y(H—vx D)+ y2vx (D+vxH) - I (v-H)v.
v+
F'=LTFL, (A5) (A12b)

With the transformation for the covariant electromagnetic

whereF is the electromagnetic tensor in the lab frame, Bnd  tensor known, the transformation for the contravariant tensor
is the well-known Lorentz transformation that connects tWOg a8 ¢an pe most simply obtained by taking

frames moving with respect to each other in an arbitrary
direction in thex—y plane?! "=MFMT, (A13)
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NEVER ECONOMIZE

One way to lessen the risk inherent in undertaking a major project is to make sure that you
spend enough money on it. After a research department or funding agency has invested enpugh in
your goals, it has a real stake in your success and becomes very reluctant to admit that your|project
is not working out. No one ever got ahead in science by saving money.

Peter J. Feibelmar Ph.D. Is Not Enough—A Guide to Survival in Sciefiddison—Wesley, Reading, MA, 1983.
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