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When the covariant form of Maxwell’s equations are applied to a rotating reference frame, a choice
must be made to work with either a covariant electromagnetic tensorFab or a contravariant
electromagnetic tensorFab. We argue that which tensor one chooses is ultimately dictated by
whether one chooses to express the electric and magnetic fields in terms of a vector basis or in terms
of a one-form basis, dual to the vector basis. We explain that when fields are expressed as
one-forms, the covariant electromagnetic tensor is used; and when fields are expressed as vectors,
the contravariant tensor is used. Using this formalism, we derive general field equations expressed
in terms of vector and one-form fields in the rotating and laboratory frames when matter is present.
Fields in the presence of matter are then related to those in a vacuum by using a covariant form of
Minkowski’s constitutive equations, generalized to noninertial frames. Both vector and one-form
field equations are used to derive the fields observed in the reference frame of a polarizable,
permeable cylinder that rotates within an axially directed magnetic field. We find that the vector and
one-form field equations both lead to predictions consistent with experimental results. We conclude
that the choice between working with a covariant or contravariant electromagnetic tensor depends
upon whether one chooses to express fields as vectors or as one-forms. ©1999 American Association

of Physics Teachers.
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I. INTRODUCTION

In a recent paper,1 we demonstrated one method by whi
relativistic electrodynamics can be extended to include ro
ing isotropic, linear media. Covariant field equations we
used to derive general field equations in a rotating coordin
system. Fields in the presence of matter were then relate
the electric and magnetic fields by use of a covariant form
Minkowski’s constitutive equations.2–5 We showed that us
ing Minkowski’s covariant constitutive equations in rotatin
coordinates leads directly to the correct constitutive eq
tions and hence to the correct field equations in the rota
reference frame when matter is present.6 We concluded that
relativistic electrodynamics can be used for rotating lin
media only when a covariant form of the constitutive equ
tions is used.

In the course of performing that analysis, we chose
work with the covariant electromagnetic tensorFab , com-
posed of the components of the electric and magnetic fie
An alternative approach is to define the components of
electric and magnetic fields to comprise a contravariant e
tromagnetic tensorFab. We pointed out that either the co
variant or contravariant tensor can be used so long as on
consistent throughout the analysis. However, although b
tensors lead to field equations of the same form in an ine
reference frame, when acceleration is present, such as
rotating reference frame, the covariant and contravariant
sors lead to different sets of field equations.7 Different pre-
dictions for the fields observed in a rotating reference fra
are then obtained. This is confusing: all observers at rest
particular reference frame ought to be able to agree on
form of the electric and magnetic fields observed in t
frame. Thus, we expect that rotating observers working w
a covariant electromagnetic tensor should obtain results
are consistent with rotating observers working with a con
variant electromagnetic tensor. It is an objective of this pa
414 Am. J. Phys.67 ~5!, May 1999
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to provide a mathematical framework with which to expla
why different field equations arise in a rotating frame, and
shed further light on the correct method by which relativis
electrodynamics can be applied to rotating media.

One important point to recognize is that fields, such as
electric and magnetic fields, can be expressed either in te
of a vector basis$ea% or in terms of a one-form basis$w̃a%,
dual to the$ea% according tow̃a(eb)5db

a .8–10 As is very
well known, any contravariant vectorv can be expressed as
superposition of basis vectors$ea% asv5naea , where$ea%
are distinct, linearly independent vectors. Similarly, any
variant vectorṽ can be expressed as a superposition of b
one-forms $w̃a% as ṽ5naw̃a, where the basis one-form
$w̃a% are distinct and linearly independent. In general,
vector componentsna and the one-form componentsna are
not equal, but instead are mapped into each other by us
the metric tensor. For example, vector componentsna can be
mapped from the vector basis$ea% to a one-form basis$w̃a%
by using the metric tensor:na5gabnb. Or conversely, one-
form componentsna can be mapped from the one-form ba
$w̃a% to the vector basis$ea% by using the inverse metric
tensor:na5gabnb .

The same relationship holds true for second rank elec
magnetic tensorsFab andFab . A basis for all second rank
contravariant tensors isea ^ eb , where^ represents the oute
product, and a basis for all second rank covariant tenso
w̃a

^ w̃b.8 The components of contravariant tensors are v
tor components, and the components of covariant tensor
one-form components. Thus, whether one works with
covariant or contravariant electromagnetic tensor is actu
dependent upon whether one chooses to express the el
and magnetic fields as vectors or as one-forms. When fi
are expressed as vectors, the contravariant electromag
tensor Fab is composed of the vector components of t
electric and magnetic fields,$Ei ,Bi%, and the covariant ten
414© 1999 American Association of Physics Teachers
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sor is obtained by using the metric tensor to map those c
ponents onto the one-form basis according toFab

5gamgbnFmn. On the other hand, when fields are expres
as one-forms the covariant electromagnetic tensorFab is
composed of the one-form components of the electric
magnetic fields,$Ei ,Bi%, and the contravariant tensor is o
tained by mapping the one-form components to the ve
basis by usingFab5gamgbnFmn . As pointed out above, th
vector components and one-form components are not e
and thus cannot be directly interchanged. In an inertial
erence frame, this distinction is easily missed simply bec
Maxwell’s field equations assume the same form with
spect to either basis. However, in a noninertial fra
wherein acceleration is present, expressing fields as ve
or as one-forms leads to different sets of field equations.
our opinion that the confusion surrounding the choice of
variant versus contravariant electromagnetic tensors a
from a failure to fully recognize that the components of
variant and contravariant tensors are defined with respe
different bases.

In the next section we use the covariant form of Maxwe
equations in rotating coordinates to derive three-dimensi
field equations for the rotating frame. We begin by con
ering the case when rotating observers express fields as
forms. The covariant electromagnetic tensor is compose
the one-form components of the electric and magnetic fie
and the contravariant electromagnetic tensor is obtaine
use of the inverse metric tensor in rotating coordinates. G
eral field equations in three-dimensional notation are
tained, expressed in terms of one-form fields in the pres
of matter. Next, we turn to the case in which rotating obs
ers express fields as vectors. In this case, the contrava
electromagnetic tensor is composed of the vector com
nents of the electric and magnetic fields, and the cova
tensor is obtained by using the metric tensor in rotating
ordinates. General field equations are again obtained, bu
time, expressed in terms of vector fields in the presenc
matter.

In Sec. III we relate fields in the presence of matte
those in a vacuum by using a covariant form of the con
tutive equations, first introduced by Minkowski in 1908.2–5

We start by noting that, as with the field equations, one h
choice in expressing fields as one-forms or as vectors.
then point out that in order to maintain consistency throu
out the analysis, we must use the same fields that were
in deriving the field equations. Adhering to this rule,
derive one-form and vector constitutive equations, and
substitute them into the corresponding set of field equat
derived in Sec. II. Carrying this out, we obtain one-form a
vector field equations for the rotating frame in the prese
of matter. We then bring Sec. III to a close by using a co
riant form of the polarization and magnetization1 to derive
one-form and vector expressions for the polarization
magnetization in the rotating frame. We find that as with
constitutive equations, expressing fields as one-forms o
vectors leads to different forms for the polarization and m
netization in the rotating frame.

Section IV is devoted to deriving constitutive equatio
for a rotating material, observed in the laboratory refere
frame. This is accomplished by using field transformation
transform the constitutive equations from the rotating fra
to the lab frame. For both one-forms and vectors, we ar
at constitutive equations in agreement with Minkowsk
constitutive equations, first obtained in 1908 by using spe
415 Am. J. Phys., Vol. 67, No. 5, May 1999
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relativity for the case of uniform motion.1,2,4,5,11 We then
explain that observers in the lab frame can analyze exp
ments involving rotation by using either pair of constitutiv
equations in conjunction with Maxwell’s field equations.

In Sec. V, we demonstrate the application of both fie
equations derived on the basis of one-forms and those
rived on the basis vectors in a rotating frame. To do th
both sets of field equations are used to derive the fields
served in the reference frame of a hollow cylinder with ele
tric permittivity « and magnetic permeabilitym that rotates
within an external, axially directed magnetic field.1,6,12 We
assume that all fields are static, and that the cylinder is c
posed of a material that precludes free charges and curr
Carrying this out, we show that one-form fields and vec
fields differ in form in the rotating frame, but assume t
same form in the inertial frame of the laboratory.

In the Appendix, we derive field transformations that r
late quantities in the rotating frame to those in the lab fram
We begin by noting that, although the rotating frame ha
rotational velocity relative to the lab frame, at any give
instant a momentarily comoving reference frame~MCRF! of
an observer at rest in the rotating frame has a uniform ve
ity relative to the lab frame. Using this observation to o
advantage, we first derive a relationship between fields in
rotating frame and those in the MCRF, and then use a L
entz transformation to relate fields in the MCRF to those
the lab frame. Upon eliminating MCRF quantities betwe
the two transformations, we obtain a direct transformat
between the rotating and lab frames. We then transform
covariant and contravariant electromagnetic tensors from
lab frame to the rotating frame. Carrying this out, we arri
at transformations relating vector and one-form fields in
rotating frame to those in the lab frame.

II. FIELD EQUATIONS IN THE ROTATING
REFERENCE FRAME

Although rotation does not lead to space–time curvatur
rotating reference frame is not a truly inertial frame of re
erence due to the presence of inertial forces.6,13–16Maxwell’s
equations can be extended to encompass accelerating fr
by using the covariant field equations in arbitra
coordinates:17,18

¹aHab54p j b, ~1a!

emnkl¹nFkl50, ~1b!

where source charges and currents are given by the cu
four-vector j b and we have used, and will continue to us
units in which the speed of light is set equal to unity:c51.
Noting that in rotating coordinates the covariant derivative
exactly equal to the ordinary partial derivative,1 the field
equations can be rewritten as

]aHab54p j b, ~2a!

emnkl]nFkl50. ~2b!

As can be seen, Eq.~2a! is expressed in terms of a con
travariant electromagnetic tensor whereas Eq.~2b! is ex-
pressed in terms of a covariant electromagnetic tensor. T
one can choose to work with either the covariant electrom
netic tensorFab or the contravariant tensorFab so long as
one is consistent throughout the analysis. As pointed ou
the Introduction, which tensor one chooses is ultimately d
tated by how one chooses to describe fields in the rota
415Charles T. Ridgely
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reference frame. The electric and magnetic fields can be
pressed in the usual way as vectorsE5Eiei andB5Biei , or

the fields can be expressed as one-formsẼ5Eiw̃
i and B̃

5Biw̃
i .8,9

When the electric and magnetic fields are expresse
one-forms, the covariant field tensorFab assumes its famil-
iar form as

Fab5S 0 E1 E2 E3

2E1 0 2B3 B2

2E2 B3 0 2B1

2E3 2B2 B1 0

D , ~3!

and the contravariant tensorFab is obtained by raising indi-
ces with the inverse metric tensor:

Fab5gamgbnFmn . ~4!

Using the inverse metric tensor in rotating coordinates, gi
in the Appendix, Eq.~4! leads to

Fi05~Ẽ2v3B̃8! i , ~5a!

Fi j 52e i jk
„B̃2v3~Ẽ2v3B̃8!…k , ~5b!

where quantities in the rotating frame carry a prime, a
observers at rest in the rotating frame have velocityv
5vref relative to the laboratory frame. Using Eqs.~3! and
~5! in Eqs. ~2!, and limiting ourselves to the case of sta
fields, we find that the field equations are

¹•~D̃2v3H̃8…54pr8, ~6a!

¹•B̃850, ~6b!

¹3Ẽ850, ~6c!

¹3„H̃82v3~D̃81v3H̃8!…54p j 8. ~6d!

These are the general field equations for the rotating re
ence frame, written in three-dimensional notation with
spect to a one-form basis$w̃a%.

Conversely, when the electric and magnetic fields are
pressed as vectors, the contravariant form of the field te
Fab is

Fab5S 0 2E1 2E2 2E3

E1 0 2B3 B2

E2 B3 0 2B1

E3 2B2 B1 0

D , ~7!

and the covariant tensorFab is then obtained by lowering
indices with the metric tensor:

Fab5gamgbnFmn. ~8!

Using the metric tensor in rotating coordinates gives

F0i5„E81v3~B81v3E8!…i , ~9a!

Fi j 5e i jk~B81v3E8!k. ~9b!

This time, using Eqs.~7! and~9! in Eqs.~2!, and again lim-
iting ourselves to static fields, leads to

¹•D854pr8, ~10a!

¹•~B81v3E8!50, ~10b!
416 Am. J. Phys., Vol. 67, No. 5, May 1999
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¹3~E81v3B8!50, ~10c!

¹3H854p j 8. ~10d!

These are the three-dimensional field equations for the ro
ing reference frame, written with respect to a vector ba
$ea%.

III. CONSTITUTIVE EQUATIONS IN THE
ROTATING FRAME

As yet, we have not specified a relationship between
auxiliary fields,D andH, and fundamental fields,E andB.17

We can relate auxiliary fields in the presence of matter to
fundamental fields by using a covariant form of the cons
tutive equations, first introduced by Minkowski in 1908:2–5

Hlmum5eFlmum , ~11a!

eslmnFlmun5meslmnHlmun , ~11b!

where the electric permitivitye and magnetic permeabilitym
are proper quantities defined in the local rest frame of
material. As in the case of the field equations, howeve
choice must be made between working with a covariant
contravariant electromagnetic tensor. As pointed out in
two previous sections, this choice hinges on whether
chooses to express fields as one-forms or as vectors. S
the constitutive equations will be used in conjunction w
the field equations, in order to maintain consistency throu
out the analysis, we must use the same fields that were
in deriving the field equations.

When observers in the rotating frame express fields
one-forms, Eqs.~11! are used in conjunction with the cova
riant electromagnetic tensor given by Eq.~3!. Generalizing
to noninertial frames, Eqs.~11! are then

galHlmum5egalFlmum, ~12a!

eslmnFlmgndud5meslmnHlmgndud. ~12b!

According to the metric tensor in rotating coordinates, giv
in the Appendix, an observer at rest in the rotating frame
a four-velocityua5g(1, 0, 0, 0), whereg51/A12n2. Using
this four-velocity and the metric tensor in Eqs.~12!, we find
that auxiliary fields are related to fundamental fields acco
ing to

D̃85eẼ8, ~13a!

H̃85
1

m
B̃81

1

~12n2! S e2
1

m D v3Ẽ8, ~13b!

where quantities in the rotating frame carry a prime. Sub
tuting Eqs.~13! into Eqs.~6! leads to

¹•XeẼ82v3
1

m
B̃82

1

~12n2! S e2
1

m D v3~v3Ẽ8!C54pr8,

~14a!

¹•B̃850, ~14b!

¹3Ẽ850, ~14c!

¹3S 1

m
„B̃82v3Ẽ81v3~v3B̃8!…D54p j 8. ~14d!

These field equations are those used by observers at re
the rotating frame that choose to express fields as one-fo
416Charles T. Ridgely
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Observers in the rotating frame choosing to express fie
as vectors use Eqs.~11! in conjunction with the contravarian
electromagnetic tensor given by Eq.~7!. In this case, Eqs
~11! are written in the form

Hlmgmnun5eFlmgmnun, ~15a!

eslmnglagmbFabgndud5meslmnglagmbHabgndud.
~15b!

Carrying out the same procedure used to obtain Eqs.~13!, we
find that auxiliary and fundamental fields are related by

D85eE81
1

~12n2! S e2
1

m D v3B8, ~16a!

H85
1

m
B8. ~16b!

Upon substituting these constitutive equations into Eqs.~10!,
we find that the field equations used by rotating observ
that choose to express fields as vectors are

¹•XeE81
1

~12n2! S e2
1

m D v3B8C54pr8, ~17a!

¹•~B81v3E8!50, ~17b!

¹3~E81v3B8!50, ~17c!

¹3
1

m
B854p j 8. ~17d!

At this point, we should mention that Eqs.~11! can also be
used to obtain expressions for the polarizationP and magne-
tization M observed in the rotating reference frame.1 Rotat-
ing observers that work with one-forms begin by taking

Hab5Fab24pMab , ~18!

whereMab is the magnetization four-tensor composed of
components of the polarization and magnetization:5

Mab5S 0 2P1 2P2 2P3

P1 0 2M3 M2

P2 M3 0 2M1

P3 2M2 M1 0

D . ~19!

Substituting Eq.~18! into each of Eqs.~12! and solving for
Mab leads to

galMlmum5
1

4p
~e21!galFmlum, ~20a!

eslmnMlmgndud5
1

4p S 12
1

m D eslmnFlmgndud. ~20b!

Following the same steps used to derive the constitu
equations, Eqs.~13!, we find that the polarization and mag
netization in the rotating frame are

P̃85
1

4p
~e21!Ẽ8, ~21a!

M̃ 85
1

4p S 12
1

m D B̃81
1

4p~12n2! S 1

m
2e D v3Ẽ8.

~21b!

On the other hand, when fields are expressed as vec
rotating observers use
417 Am. J. Phys., Vol. 67, No. 5, May 1999
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Hab5Fab24pMab, ~22!

in which the contravariant magnetization four-tensorMab is
defined as

Mab5S 0 P1 P2 P3

2P1 0 2M3 M2

2P2 M3 0 2M1

2P3 2M2 M1 0

D . ~23!

Substituting Eq.~22! into each of Eqs.~15! and then solving
for Mab gives

Mlmgmnun5
1

4p
~e21!Fmlgmnun, ~24a!

eslmnglagmbMabgndud

5
1

4p S 12
1

m D eslmnglagmbFabgndud. ~24b!

The vector polarization and magnetization in the rotat
frame are then

P85
1

4p
~e21!E81

1

4p~12n2! S e2
1

m D v3B8, ~25a!

M 85
1

4p S 12
1

m DB8. ~25b!

Upon comparing Eqs.~25! and ~21!, it is apparent that as
with the constitutive equations, expressing fields as o
forms or as vectors leads to different forms for the polari
tion and magnetization in the rotating frame.

IV. CONSTITUTIVE EQUATIONS IN THE
LABORATORY REFERENCE FRAME

We now turn to the problem of finding constitutive equ
tions for a rotating medium, observed in the laboratory r
erence frame. To do this, we transform the constitutive eq
tions from the rotating frame to the lab frame. As shown
the Appendix, one-form fields in the rotating frame are
lated to those in the lab frame according to

Ẽ85Ẽ1v3B̃2
g

g11
~v•Ẽ!v, ~26a!

B̃85g~B̃2v3Ẽ!1g2v3~Ẽ1v3B̃!2
g2

g11
~v•B̃!v,

~26b!

D̃85D̃1v3H̃2
g

g11
~v•D̃!v, ~26c!

H̃85g~H̃2v3D̃!1g2v3~D̃1v3H̃!2
g2

g11
~v•H̃!v,

~26d!

where primes denote quantities in the rotating frame, ang
51/A12n2. Substituting Eqs.~26! into the constitutive

equations given by Eqs.~13!, and then solving forD̃ andH̃,
we find that the constitutive equations for the rotating m
dium, observed in the laboratory frame, are

D̃5
1

~12n2!
XS e2

n2

m D Ẽ1S e2
1

m D @v3B̃2~v•Ẽ!v#C, ~27a!
417Charles T. Ridgely
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H̃5
1

~12n2!
XS 1

m
2en2D B̃1S e2

1

m D @v3Ẽ1~v•B̃!v#C .

~27b!

And upon rearranging Eqs.~27!, we find that the resulting
equations are identical to Minkowski’s constitutive equ
tions, first obtained in 1908 by using special relativity for t
case of uniform motion:1,2,4,5,11

D̃5
1

~12emn2!
„eẼ~12n2!1~em21!@v3H̃2e~v•Ẽ!v#…,

~28a!

B̃5
1

~12emn2!
„mH̃~12n2!2~em21!@v3Ẽ2m~v•H̃!v#….

~28b!

These constitutive equations are those used by observe
the laboratory frame that choose to work with one-fo
fields.

Also shown in the Appendix, vector fields in the rotatin
and lab frames are related according to

E85g2~E1v3B!2g3v3~B2v3E!2
g3

g11
~v•E!v,

~29a!

B85g~B2v3E!2
g2

g11
~v•B!v, ~29b!

D85g2~D1v3H!2g3v3~H2v3D!2
g3

g11
~v•D!v,

~29c!

H85g~H2v3D!2
g2

g11
~v•H!v. ~29d!

Following the same procedure used to obtain Eqs.~28!, we
substitute Eqs.~29! into Eqs.~16!, and then solve forD and
B. Carrying this out again leads directly to Minkowski
1908 constitutive equations:1,2,4,5,11

D5
1

~12emn2!
„eE~12n2!1~em21!@v3H2e~v•E!v#…,

~30a!

B5
1

~12emn2!
„mH~12n2!2~em21!@v3E2m~v•H!v#….

~30b!

These constitutive equations are used by those lab frame
servers that work with vector fields, and are identical to
one-form constitutive equations given by Eqs.~28!. Al-
though different constitutive equations arise in the rotat
frame, one-form fields and vector fields lead to constitut
equations of the same form in an inertial frame.

Field equations in the lab frame can be obtained by us
either Eqs.~28! or ~30! in conjunction with Maxwell’s field
equations. Assuming static vector fields, for example,
servers in the lab frame begin by writing Maxwell’s fie
equations as

¹•D54pr, ~31a!

¹•B50, ~31b!

¹3E50, ~31c!

¹3H54p j . ~31d!
418 Am. J. Phys., Vol. 67, No. 5, May 1999
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Then, by using Eqs.~30!, lab frame observers can rewrite th
field equations in the form1

¹•S 1

~12n2! F S e2
n2

m DE1S e2
1

m D @v3B2~v•E!v#G D
54pr, ~32a!

¹•B50, ~32b!

¹3E50, ~32c!

¹3S 1

~12n2! F S 1

m
2en2DB1S e2

1

m D @v3E1~v•B!v#G D
54p j . ~32d!

An identical set of field equations is obtained when one-fo
fields are used in the lab frame. Observers in the lab fra
can use either set of field equations to analyze experim
involving axial rotation so long as consistency is maintain
throughout the analysis.

V. DERIVING THE FIELDS OBSERVED IN THE
REFERENCE FRAME OF A ROTATING CYLINDER

As demonstrated in the preceding sections, when obs
ers in a rotating frame define fields as one-forms, the form
the resulting field equations differs from those obtained
observers defining fields as vectors. In this section, we
both sets of field equations to derive the fields observed
tween inner and outer surfaces of a hollow cylinder w
electric permittivitye and magnetic permeabilitym that ro-
tates within an external, axially directed magnetic field.1,6,12

Figure 1 shows a cut-away view of a such a cylinder. W
assume that all fields are static, and that the cylinder is c
posed of a material that precludes free charges and curr

Rotating observers choosing to express fields as one-fo
begin by using the field equations1,6

¹•S eẼ82v3
1

m
B̃8D50, ~33a!

¹•B̃850, ~33b!

¹3Ẽ850, ~33c!

¹3S 1

m
~B̃82v3Ẽ8! D50, ~33d!

where we have neglected terms of higher order thann, and
v5vref is the velocity of the rotating cylinder. Since th
external magnetic field is parallel to the axis of the cylind

Fig. 1. A side cut-away view of a hollow cylinder of polarizable, permea
material that rotates within an external, axially directed magnetic field w
velocity v5vref relative to the laboratory reference frame. Rotating a
laboratory observers alike detect the presence of an electric field bet
inner and outer surfaces of the cylinder.
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Eq. ~33a! implies that the normal component ofeẼ82v
3(1/m)B̃8 is continuous at the surface of the rotating m
dium. Assuming that the cylinder is sufficiently long for en
effects to be ignored, Eq.~33a! then implies that

e INẼIN8 2v3
1

m IN
B̃IN8 5ẼOUT8 2v3B̃OUT8 , ~34!

where the subscripts denote quantities taken inside or out
the material, and we have takeneOUT and mOUT equal to
unity. Outside the material, the fields in the lab frame a
ẼOUT50̃ and B̃OUTÞ0̃. Using these fields in Eqs.~26a! and
~26b! gives the external fields in the rotating frame as

ẼOUT8 5v3B̃OUT, ~35a!

B̃OUT8 5B̃OUT. ~35b!

Thus, the right-hand side of Eq.~34! is zero. Simplifying a
bit, Eq. ~34! then leads to

ẼIN8 5
1

em
v3B̃IN8 , ~36!

where we have dropped the subscripts frome IN and m IN .
Again taking into consideration that the magnetic field
parallel to the axis of rotation, Eq.~33d! implies that B̃IN8

5mB̃OUT8 . Substituting this relationship into Eq.~36! gives

ẼIN8 5
1

e
v3B̃OUT8 . ~37!

This is the electric field, between inner and outer surfaces
the cylinder, that is detected by observers in the rotat
frame that work with one-form fields. And upon using E
~37! in Eq. ~26a!, we find that observers in the lab fram
detect an electric field of the form1,6

ẼIN5S 1

e
2m D v3B̃OUT. ~38!

On the other hand, when rotating observers work w
vectors, the field equations assume the form

¹•XeE81S e2
1

m D v3B8C50, ~39a!

¹•~B81v3E8!50, ~39b!

¹3~E81v3B8!50, ~39c!

¹3
1

m
B850, ~39d!

where as before we have neglected terms of order hig
thann. According to Eq.~39a!, when the external magneti
field is parallel to the axis of rotation, rotating observers c
write

e INEIN8 1S e IN2
1

m IN
D v3BIN8 5EOUT8 . ~40!

Taking the external fields in the lab frame to beEOUT50 and
BOUTÞ0, Eqs.~29a! and~29b! imply that the external fields
in the rotating frame are

EOUT8 50, ~41a!
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BOUT8 5BOUT. ~41b!

Substituting these fields into Eq.~40!, and noting that Eq.
~39d! implies thatBIN8 5mBOUT8 for the case of an axially
directed magnetic field, we find that

EIN8 5S 1

e
2m D v3BOUT8 . ~42!

This electric field is the one detected by rotating observ
that choose to express fields as vectors. Using Eq.~42! in Eq.
~29a!, we find that observers in the lab frame detect an el
tric field identical to that given by Eq.~38!:1,6

EIN5S 1

e
2m D v3BOUT. ~43!

As expected, one-form and vector fields assume differ
forms in the rotating frame, but take on the same form wh
transformed to the inertial frame of the laboratory. Therefo
field equations obtained on the basis of one-form fields
those obtained on the basis of vector fields both lead to
dictions that are consistent with known experimen
results.4,6,11,12

VI. CONCLUSIONS

We have shown two methods by which Maxwell’s equ
tions can be applied to rotating linear media. In the fi
method, the covariant electromagnetic tensorFab was used;
and in the second method, the contravariant tensorFab was
used. We began by explaining that whether one works wit
covariant or contravariant tensor is dictated by whether
chooses to express fields in terms of a vector basis o
terms of a dual one-form basis. Using this formalism, gene
field equations were derived in terms of both vector fie
and one-form fields in the rotating and laboratory fram
Fields in the presence of matter were then related to thos
a vacuum by using the covariant form of Minkowski’s co
stitutive equations,2–5 generalized to noninertial frames
Next, the constitutive equations were transformed from
rotating frame to the lab frame. Carrying this out, we fou
that although vector and one-form constitutive equations
fer in the rotating frame, in the lab frame both pairs of co
stitutive equations are in agreement with the 1908 const
tive equations of Minkowski.1,2,4,5,11

We then demonstrated the use of vector and one-form fi
equations in a rotating frame. Both sets of field equatio
were used to derive the fields observed in the reference fr
of a polarizable, permeable cylinder that rotates within
axially directed magnetic field.1,6,12 As expected, we found
that vector and one-form fields take on different forms in t
rotating frame, but assume the same form in the iner
frame of the laboratory.

We conclude that when applying the covariant form
Maxwell’s equations to a noninertial frame, the choice b
tween working with a covariant or contravariant electroma
netic tensor depends upon whether one chooses to exp
fields in terms of a vector basis or in terms of a dual on
form basis. More particularly, we conclude that the elect
and magnetic fields can be expressed either as vectors
one-forms so long as one is consistent throughout the an
sis.
419Charles T. Ridgely
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APPENDIX: DERIVING A DIRECT FIELD
TRANSFORMATION FROM THE LABORATORY
FRAME TO THE ROTATING FRAME

We wish to derive a transformation that relates fields
served in a rotating reference frame to those observed
laboratory frame. The metric tensor in the rotating coordin
system is6,7,19

gab8 5S 12n2 2nx 2ny 0

2nx 21 0 0

2ny 0 21 0

0 0 0 21

D , ~A1!

where we have takennx52vy8 andny5vx8, andn25nx
2

1ny
2. The inverse metric tensor in rotating coordinates is7

g8ab5S 1 2nx 2ny 0

2nx 211nx
2 nxny 0

2ny nxny 211ny
2 0

0 0 0 21

D . ~A2!

We begin by noting that, although the rotating frame ha
velocity v5vref relative to the lab frame, at any given in
stant a momentarily comoving reference frame~MCRF! of
an observer at rest in the rotating frame has a uniform ve
ity v relative to the lab frame. Thus, we can obtain a re
tionship between fields in the rotating and lab frames as
lows. We first find a relationship between fields in t
rotating frame and those in the MCRF, and then we us
Lorentz transformation to relate fields in the MCRF to tho
in the lab frame. Upon eliminating MCRF quantities betwe
the two transformations, we find a direct transformation fr
the lab frame to the rotating frame.

The covariant electromagnetic tensorFab can be trans-
formed from the rotating frame to the MCRF by using

F95RTF8R, ~A3!

whereF9 is the electromagnetic tensor in the MCRF,RT is
the transpose ofR, and R is a transformation that relate
quantities in the rotating frame to those in the MCRF, giv
by1,20

Rb
a5

]x8a

]x9b 5S g nxg
2 nyg

2 0

0 1 0 0

0 0 1 0

0 0 0 1

D , ~A4!

in which g51/A12n2. Similarly, the electromagnetic tens
can be transformed from the lab frame to the MCRF by us

F95LTFL, ~A5!

whereF is the electromagnetic tensor in the lab frame, anL
is the well-known Lorentz transformation that connects t
frames moving with respect to each other in an arbitr
direction in thex–y plane,21
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Lb
a5

]xa

]x9b 5S g nxg nyg 0

nxg 11nx
2A nxnyA 0

nyg nxnyA 11ny
2A 0

0 0 0 1

D , ~A6!

in which A5(g21)/n2. Equating Eqs.~A3! and ~A5! and
solving for F8 leads to an expression that transforms qu
tities from the lab frame directly to the rotating frame:

F85~LR21!TF~LR21!. ~A7!

Working out the matrix multiplication, we find that Eq.~A7!
can be rewritten simply as

F85NTFN, ~A8!

whereN is given by

Nb
a5S 1 nx~g2g2! ny~g2g2! 0

nx 11nx
2~A2g2! nxny~A2g2! 0

ny nxny~A2g2! 11ny
2~A2g2! 0

0 0 0 1

D .

~A9!

Upon inserting the covariant electromagnetic tensor,

Fab5S 0 E1 E2 E3

2E1 0 2B3 B2

2E2 B3 0 2B1

2E3 2B2 B1 0

D , ~A10!

into the right-hand side of Eq.~A8!, and noting that the
components ofFab are the components ofẼ andB̃, we find
that one-form fields in the rotating frame are related to th
in the lab frame by

Ẽ85Ẽ1v3B̃2
g

g11
~v•Ẽ!v, ~A11a!

B̃85g~B̃2v3Ẽ!1g2v3~Ẽ1v3B̃!2
g2

g11
~v•B̃!v,

~A11b!

where quantities in the rotating frame carry a prime. Car
ing out the same procedure used to find Eqs.~A11!, analo-
gous transformations for auxiliary fieldsD̃ and H̃ are ob-
tained:

D̃85D̃1v3H̃2
g

g11
~v•D̃!v, ~A12a!

H̃85g~H̃2v3D̃!1g2v3~D̃1v3H̃!2
g2

g11
~v•H̃!v.

~A12b!

With the transformation for the covariant electromagne
tensor known, the transformation for the contravariant ten
Fab can be most simply obtained by taking

F85MFMT, ~A13!
420Charles T. Ridgely
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whereF8 now represents the contravariant electromagne
tensor in the rotating frame, andM5N21.6 Taking the in-
verse of Eq.~A9!, we find thatM is given by

Mb
a5S g2~12n2g! 2nxg~g2g2! 2nyg~g2g2! 0

2nxg 12nx
2g~A2g! 2nxnyg~A2g! 0

2nyg 2nxnyg~A2g! 12ny
2g~A2g! 0

0 0 0 1

D .

~A14!

Using the contravariant electromagnetic tensor,

Fab5S 0 2E1 2E2 2E3

E1 0 2B3 B2

E2 B3 0 2B1

E3 2B2 B1 0

D , ~A15!

in the right-hand side of Eq.~A13!, we find that vector fields
in the rotating and lab frames are related according to

E85g2~E1v3B!2g3v3~B2v3E!2
g3

g11
~v•E!v,

~A16a!

B85g~B2v3E!2
g2

g11
~v•B!v. ~A16b!

A similar transformation is easily obtained for auxiliar
fields D andH:

D85g2~D1v3H!2g3v3~H2v3D!2
g3

g11
~v•D!v,

~A17a!

H85g~H2v3D!2
g2

g11
~v•H!v. ~A17b!

We note that when the speed of rotation is taken to be v
much less than the speed of light, the relationship betw
one-form and vector fields in the rotating frame and those
the lab frame simplifies to13,22

Ẽ85Ẽ1v3B̃, ~A18a!

B̃85B̃, ~A18b!

E85E, ~A19a!

B85B2v3E. ~A19b!
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