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We apply relativistic electrodynamics to a rotating linear medium. Covariant field equations are
used to derive general field equations in a rotating coordinate system. We argue that the relation
between fields in the presence of matter and those in a vacuum is necessarily dependent upon the
coordinate system used. Constitutive equations are then derived in the rotating and laboratory
reference frames. We find that our constitutive equations in the laboratory frame agree with
Minkowski's constitutive equations, derived on the basis of special relativity in 1908. Thus we
conclude that special relativity can be used in the analysis of experiments involving rotational
motion. To exemplify the use of special relativity, we derive an experimentally observed result of

a 1913 experiment performed by Wilson and Wilson in which a polarizable, permeable cylinder was
rotated in a uniform, axially directed magnetic field. 1098 American Association of Physics Teachers.

[. INTRODUCTION apply relativistic electrodynamics to a material medium?
For more than 80 years, the compatibility of special rela-More particularly, how does one deal with rotating material

tivity and classical electrodynamics has been generally agdnedia? There is no ambiguity when the relative motion is
cepted; however, there still exists one area of the subjedtniform; however, as pointed out in a recent article by Pel-
which apparently leads to some confusion. How does onéegrini and Swift! rotational motion of a material medium
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leads to considerable confusion. This paper addresses tlserved result of a 1913 experiment of Wilson and
simplest method by which relativistic electrodynamics canWilson'%2The Wilsons measured an electric potential be-
be applied to a rotating material medium. tween the inner and outer surfaces of a polarizable, perme-
One important point to recognize is that a rotating refer-able cylinder set in rotation within a uniform, axially di-
ence frame is not a truly inertial frame, due to the presenceected magnetic field. The measured electric potential closely
of inertial forces therein. The application of Maxwell's equa- agreed with a potential predicted by special relativify:
tions to accelerating frames is straightforward, being dictatedVe derive this electric potential, using Maxwell's equations
by the principle of general covariance coupled with thein conjunction with the constitutive equations, in the lab
equivalence principlé-* When matter is present, however, frame.
the response of the material must also be considered. Fields We begin Sec. VI by considering a field transformation
in the presence of an isotropic, linear material are related tthat relates the polarization and magnetization in the rotating
fields E and B by the constitutive equationr®= ¢E and B frame to the polarization and magnetization observed in the
= uH, where the fieldD andH are the electric and mag- !ab frame. We then obtain the polarization and magnetization

netic fields in the presence of a material with electric permit/n the lab frame, written in terms of fields observed in the
tivity e and magnetic permeabilitg. We have no reason to rotating frame. The polarization and magnetization in Fhe lab
presuppose that these constitutive equations should be invaf[&me are then used to analyze two well-known experiments.
ant; in fact, the constitutive equations are known to be framé 'St we consider the case in which a polarizable cylinder
dependent 2 It is our opinion that the confusion surround- fotates in the lab frame, in an external, axially directed elec-
ing rotating material media arises from a failure to recognizé"iC field. Next, we consider the case in which a magnetizable
the frame dependence of the constitutive equations. cylinder rotates in the lab frame, in an external, axially di-
In the next section we use a covariant form of Maxwell's '€cted magnetic field. In each case, we find a result that

equations in rotating coordinates to derive three-dimension&t9rees With the predictions of special relativity.
field equations for the rotating reference frame. We start by !N the Appendix we derive field transformations that relate

noting that the covariant derivative can be written as an orduantities in the rotating frame to those in the lab frame. We

dinary partial derivative in rotating coordinates. We then ob-Pegin by deriving a transformation that relates fields in the
tain general field equations in three-dimensional notation[Otating frame to those in a momentarily comoving reference

Yor in terms of the fields in the presen f matter. V\/f ame (.MCRF) of an observer at rest in the r_otating frame.
gis%l?;:(etﬂe rtlzedsfgrtcgns?i?uiivet e%ga?iziscsvic'zh v?rgti(zh t ields in the MCRF are then related to those in the lab frame

relate fields in matter to those in a vacuum Qby use of well-known special relativity field trans-

. 3 . . . o e
In Sec. Il we introduce Minkowski's covariant constitu- Iﬁ:amtzj\fg)r:insl#cﬁ)r%]aggmsln?\&?%rgCI:eFfthw?tLl’j\agtltt:zis?grtr\g:teign
tive equations for uniform motiofi®~*°and show how they ;

are used for the case of uniformly moving material meoliarelating fields in the rotating frame to fields in the lab frame.

observed in an inertial frame of reference. We then explai
that in order to use Minkowski’'s covariant constitutive equa-rh' FIELD EQUATIONS IN A ROTATING FRAME

tions in a noninertial frame, one must simply raise and lower  Ajthough rotation does not lead to space—time curvature, a
tensor indices with the metric tensor in arb|trary Coord|nate3rotating reference frame is not a tru'y inertial frame of ref-

Adhel’ing to this familiar I’ule, we then derive constitutive erence due to the presence of inertial fortéé‘}_lﬁ Max-

equations in the rotating coordinate system. Upon substituiyel's equations can be extended to encompass accelerating

ing these constitutive equations into the field equations, dereference frames by using the covariant field equations in
rived in Sec. I, we obtain field equations for the rotating arbitrary Coordinateé

frame. When the rotational velocity is much smaller than that af_ i B

! ' 4 V F*f=47jP, (1a)
of light, the field equations assume a form known to agree o
with all experimental results to datdn addition, we intro- """V F =0, (1b)

duce covariant equations for the polarization and magnetizaghere source charges and currents are given by the current
tion, which are then used to determine the polarization an%ur-vectorjﬂ and we have used, and will continue to use,
magnetization in the rotating reference frame. And finally, nits in which the speed of light is set equal to unity: 1
we introduce T\nd dis;:uss (lsm alternatiV(cej derivation of the fieldy o it by choosing to work with a covariant form .of.the
equations, utilizing the polarization and magnetization. o 17 g

Section IV is devoted to the laboratory reference frame® lectromagnetic field tensé,;, - defined as
We introduce two methods by which constitutive equations 0 Ex E E
for a rotating material can be derived in the lab frame. With -E, 0 -B, B,
the first method, one uses field transformations to transform F ;=
the constitutive equations from the rotating frame to the lab -E, B 0 B
frame. The second method of derivation consists of express- -E, —B, By 0

. . . . . . . —10:
in th . . . .
ing Minkowski's covariant constitutive equaticifs the The contravariant electromagnetic tensor is then obtained

lab frame, and using the four-velocity of the rotating mate- imolv by raising indi with the inverse metric tensor-
rial. Both methods produce the same end result: constitutivdMP!Y by raising ces € Inverse metric tensor.

equations which agree with those first derived by Minkowski Fef=g gl'F ,,. 3
in 1908, using special relativify?~ On the basis of this  \wnhen written in terms of the covariant electromagnetic ten-
agreement, we come to the conclusion that special relativitgor Eq.(1a assumes the form
can be used to analyze experiments involving rotational mo- o .
fon. yze exp J V(9GP F ) =4, (@

In Sec. V, we demonstrate the application of special rela- When the field equations are to take the presence of matter
tivity to rotational motion by deriving an experimentally ob- into account, we introduce another covariant electromagnetic

)
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tensor, composed of the components of the electric and mad¥Ve start by considering a covariant form of the constitutive
netic fields in the presence of matt&iThis tensor is defined equations, first introduced by Minkowski in 19681°

as H, U= €eF) U, (109
0 DX Dy DZ EO’)\/J.VF)\MUV:MEO'}\/.LVH)\MUV’ (10b)
Hop= “Dx 0 —H; Hy , (5) Where e".“” is the fourth-rank Levi-Civita antisymmetric
-Dy H; 0 —Hy tensor withe®'?*=+ 1, and electric permittivite and mag-
-D, —H, H, 0 netic permeabilityw are proper quantities defined in the local

o _ rest frame of the material. When Eq4.0) are used for the
whereD andH are the electric displacement and magneticspecial relativistic case of uniformly moving linear media

field, respectively. Using this electromagnetic tensor, theypserved from an inertial frame of reference, we take the
field equations take on the form four-velocity of the moving material to be“=y(1y),

V. (9*“gP"H ) =4mjP, (68 wherey=1/\1— v Upon using the electromagnetic tensors
"MV F =0, (6b) given by Eqs(2) and(5), Eqgs.(10) then lead to the general
result

where free charges and currents are given by the current

fourwectorj. g g y D+vxH=e(E+VxB), (119
We wish to write Egs(6) in three-dimensional notation, B+EXv=pu(H+DXv), (11b

but before doing so we take note of a great simplification: |

rotating coordinates, the covariant derivative is exactly equ

to the ordinary partial derivativ¥. Taking this into consid-

herev is the uniform velocity of the moving material rela-
ive to the inertial frame. Solving Eqél1) for D andB leads

eration, the field equations assume the form directly to .
ﬁa(gal-‘gﬁVH,uv):41TjB, (78 D:(l_—z){EE(l—VZ)-i—(e,u,—l)
G”VK)\&VFK)\ZO, (7b) EULV
X[vxH—e(v-E)Vv]}, (129

Using the metric tensor in rotating coordinates, given in the

Appendix, and limiting ourselves to the case of static fields, 1 5
the field equations become B= A—en?) {uH(1—v%)—(epn—1)
V. (D'—vxH')=4mp’, (89
X[VXE—u(v-H)v]}. 12b
VB0 o XLXE- (v HV) | a2y
VXE' =0, (80 Equations(12) were first introduced in 1908 by Minkowski

for the special relativistic case of uniformly moving linear
VX[H —vxD'+vx(vxH')]=4mj’, (8d)  media observed from an inertial frame. Thus EG®) are
Jeferred to as Minkowski's constitutive equatidiwst

In order to obtain constitutive equations in the rotating
ame, we need to generalize Eq%0) to noninertial frames

of reference. Such a generalization can most simply be car-
Gied out by recognizing that in arbitrary coordinates, tensor
indices must be raised and lowered with the metric tensor.
§vith this in mind, the constitutive equations may be written

where quantities in the rotating frame carry a prime, an
observers at rest in the rotating frame have veloaity fr
=wré¢ relative to the laboratory frame. Equatio(® are
the general field equations for the rotating reference fram
written in three-dimensional notation.

As yet, we have not specified a relationship between th
auxiliary fields,D andH, and fundamental field& andB.
Recall that we defined tenso andH ,; in the rotatin
reference frame, but we saidF%gthing ofﬁthe relationshig be- Hy U= eFy,ut, (133
tween fields. Thus, while the tensbr,; is well understood €TMF) 18,0U% = e Hy ,0,,,u”. (13b

to comprise the components of the fundamental electric angt, ;s we can find constitutive equations in any coordinate

mggnetic fields, the ten;d?faﬂ i§ mer_ely a definition at this system, so long as we know the components of the four-
point. We can relate auxiliary fields in the presence of matte(/elocity Uk,

to the fundagnental fields with constitutive equations of the \y/e wish to apply Eqs(13) to a rotating frame and obtain
general form the constitutive equations therein, expressed in three-

D=D[E,B], (93  dimensional notation. An observer at rest in the rotating
H=H[E,B], (9b) frame has a four-velocity*= vy(1,0,0,0), where, as before,
where the square brackets are used to indicate that the reld- LN1=v". With this four-velocity, Eqs(13) become
tionship may not necessarily be simple, and in fact may de- Hxo=€Fo. (1439
pend.upon_the past history of the ma_teri.al. However, the GUWVFMQVO:MevwvHMgvo_ (14b)
guestion arises: What form do the constitutive equations take . _ _ . ) .
in a noninertial frame? Using the metric tensor for rotating coordinates, given in the
Appendix, we find that observers at rest in the rotating frame
ll. CONSTITUTIVE EQUATIONS IN ROTATING must use the relations
COORDINATES D'=eE’, (153
(1—v?)B'+E' xv=pu[(1—v?)H'+D’ xv], (15b)

As mentioned in the last section, auxiliary fields in the
presence of matter can be related to the fundamental fields lyyhererbservers at rest in the rotating frame have a velocity
use of constitutive equations in the rotating reference framev= wre, relative to the laboratory reference frame. Solving
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Egs.(15) for D' andH’, we find that the constitutive equa- . ..
tions in the rotating frame are €My U= 1 € GV (22D
D'=eE’, (169 With a knowledge of the four-velocity, we can use E@2)
1 1 1 to find the polarization and magnetization in any reference
H'=—B'+——73 (E_ —|VXE". (16 frame we choose.

o (1—v9) i . . A
Following the same steps as those used in the derivation of
Now we have the desired relationship between auxiliarthe constitutive equations, we find that the polarization and

and fundamental fields in the rotating reference framemagnetization in the rotating frame are
Simple substitution of Eq$16) into the field equations leads

: 1
directly to p'= yp (e—1)E’, (239
v ( E’ ! B’ _2_1 ( ! (VXE") 1 1 1 1
‘| eEE"—=VX— - €— —|VX(VX
M (1-v9) Iz M'=-— l——B’—i——Z(——e VXE'.
A M A7(1—v°) \u
=4mp’, (173 (23b
V.B'=0, (170 To use Eqs(23) in the field equations, we merely recall that
VXE' =0, (179  the definitions of the field®’ andH' are given by Eqs(20).
1 Upon substituting Eq923) into Egs.(20) we find a pair of
Trrr_ , N1 g i equations identical to Eq§16), the constitutive equations in
X XE'+vx (VX = . . : ; )
v yn [B'—vxE'+vx(vxB )]] Al (7d the rotating reference frame. Hence, one finds field equations

These field equations are those used by observers at resttﬁlff"t are identical to Eq#17) in the rotating reference frame.

the rotating frame. When the speed of rotation is taken to be

much smaller than that of light, EqEL7) simplify to a form
known to agree with all experimental results to date: IV. THE LABORATORY REFERENCE FRAME

, 1 , In the preceding section, all calculations were performed
V'( €k —vx; B"|=4mp’, (183 in the rotating reference frame. Now we transform the con-
, stitutive equations from the rotating frame to the laboratory
V-B'=0, (18D frame. As shown in the Appendix, fields in the rotating
V XE'=0, (180 frame are related to those observed in the lab frame by field
1 transformations:
VX(IU« [B'—vxE ]} 4’ (189 E’=E+va—yT71(v.E)v, (243
At this point, we should mention that rotating observers 2
could just as easily obtain Eq4.7) by using the polarization B'=y(B—VXE)+ y?vX(E+VXB)— (v-B)v,
P’ and magnetizatioM'. Since we have already committed y+1
ourselves to the covariant convention by choosing to work (24b)

with covariant electromagnetic tensof,; and F,5, we  where the prime denotes quantities in the rotating frame, and
continue by choosing a definition of the electromagnetic ten~ =1/,/1— 2. Using the same procedure used to obtain Egs.

sorH,; given by (24), similar transformations are found for the auxiliary
Hop=Fap—47M 45, (199  fields:

where the tensoM 4 is a magnetization four-tens&t*> In- D' =D+vxH— —— (v-D)v, (259

sisting that auxiliary fieldD’ and H' are defined in the y+1

rotating frame according to 2

D'=E'+47P, (209

H =B —47M’, (20b)
. . o Simply by substituting Eqs(24) and Eqs.(25) into Egs.
we are led directly to a covariant magnetization tensor com 16) aﬁg th)e/:n solving thge rgssfjlti;g exprgss(ion)s[ﬁoandg
posed of the vector components of the polarization andye fing constitutive equations for the rotating medium, ob-

ot 1013,20 _
magnetizatiort” served in the laboratory frame:

H'=y(H-vxD)+ y*vXx(D+VvXxH)—

(v-B)v.
(25b

y+1

0o -P, —-P, —P, 1 2 1
. P, 0 —M, My o1 D= (1_—]}2) €— ; E+| e— ; [vXB—(v-E)Vv]{,
“~lp, M, 0 -M, (269
1 1 1
P, —My My 0 HZ—(1 ?) (__EV2 B+ 6——)
-V
Substituting Eq(19) into each of Eqs(10), and then solving K K
for Mz, we find that the covariant equations for the polar-
ization and magnetization &ré* X[VXE+(v-B)V];. (26b)

3 Upon rearranging Eq$26), we find that the resulting equa-

1
M, ut=— (e—1)F ,u* 22 ; . . 4 X S !
aud 4 (e=DF ( tions are identical to Minkowski’s constitutive equations,
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first obtained in 1908 by using special relativity for the case
of uniform motion®%-1*

D= m {EE(l— V2)+(€,LL— 1)
X[vxH—e(v-E)V]}, (273
1
B=1—eu?) {uH(1-v?)—(en—1)
X[VXE— u(v-H)v]}. (27b

Thus, by starting with Eqg1) and using the rules of general
covariance, we have been led to E@®&7), the special rela-
tivity result. This implies that observers in the laboratory
reference frame have a choice: they can either start their
analysis with Eqgs(1) in rotating coordinates or they can
simply use Egs(27), obtained on the basis of special rela-
tivity.

Another method by which lab-frame observers can derive
constitutive equations for a rotating body is simply to userig. 1. Sectional view of a general embodiment of the Wilsons’ experiment.
Egs.(10). Lab-frame observers use the metric for their ownA long cylinder of polarizable, permeable material rotates in an external,
flat space—time and the four-velocity of the rotating materiapxially directed magnetic field. An_electric potential is measured between
as observed in the lab frame. Thus lab-frame observers us@ner and outer surfaces of the cylinder.

Nap=diag1,—1,-1,—1), (28)
wherev is not uniform, but rather is the rotational velocity of VXH=0. (320)
the material with componentg,= — wy and»,= wx. Using - ] )
D+vxH=e(E+VXB), (308 Eqs.(261) and thus rzewrlte the field equations in the form
14
B+Exv=pu(H+DXv). (30b) V(m (e— ;)E+ e—; [vXB—(v-E)V] J
Solving these equations foD and B leads directly to
Minkowski's constitutive equations®1'Eqgs.(27). Thus, by =0, (339
using two different methods, we find that the end resulty .g=0, (33b
agrees with Eq912), derived on the basis of special relativ- VXE=0 33
ity. This implies that special relativity may be used for rota- xE=0, (339
tional motion. V><| 1 (1 5 B+( 1)
P —— €V €— —
(1-v%) [\ w
V. DERIVATION OF THE WILSONS’
EXPERIMENTAL RESULT X[vXE+(v-B)v]| =0, (330

In 1913 M. Wilson and H. A. Wilson performed an ex- where v=wre, is the rotational velocity of the cylinder.
periment in which a cylinder with electric permittiviyand  Since the magnetic field is parallel to the axis of the rotating
magnetic permeabilitye was rotated within a uniform, axi- cylinder, and we assume that the cylinder is sufficiently long

ally directed magnetic fielt***Figure 1 shows a sectional for end effects to be ignored, E333 implies that
view of a general embodiment of the Wilsons’ experimenti V2

The Wilsons measured an electric potential, between inngre,— —
and outer surfaces of the cylindeg,lwhich closely agreed wit MIN
the special relativistic predictidl — (1 1)) Equr, (34)
AV= l (,u— 1) (r%— fi)wﬁo, (31) where the subscripts denote quantities taken inside or outside
2 € the material, and we have takef and uoyt equal to
where terms of higher order tham have been neglected. unity. Outside the material, the only fields present are
Herein we derive Eq(31) to demonstrate one method by Eour=0, (35)
which special relativity can be used to analyze experiments _
. . . : Bour=B. (36)
involving rotational motion.
The Wilsons designed their experiment to preclude fredJsing these fields and rearranging somewhat, [B4) be-
charges and currents; in addition, static fields werecomes
used.>*"?Under these conditions, observers in the labora-  (ep—1?)Ejy=(1— ex)VxByy+ (ep— 1) (v-En)V,
tory frame write Maxwell’s field equations as (37

V-D=0, (329 where the subscripts have been dropped feoamd .. Once
V-B=0, (32b) again taking into consideration that the magnetic field is par-

Ent [VXBn—(V-En)V]

ENT T
MIN
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allel to the axis of the rotating cylinder, after some rearrang- 1 1 1 /(1
ing Eq. (33d) implies that M= yp (1— —) B'+ yp (—— €|vXE'. (44b
(1= eu)(1-1?) | g | | |
(1—eu)VXB)n= > vxB With a knowledge of the fields observed in the rotating
(1-epv?) frame, Eqgs.(44) can be used to determine the polarization
(eu—1)2 and magnetization observed in the lab frame. _
m VX (VXE)). (38 We first consider the case in which a polarizable cylinder

rotates in the lab frame, in an external electric field directed
Using EQq.(38) in Eq. (37), and then solving for the electric along the axis of rotatiorE+# 0 andB= 0. According to Egs.
field inside the material, we find that E7) becomes (24), the fields observed in the rotating frame are tiEgn

(1—€eu) 1 =E andB’=0. Using these fields in Eq$44), and noting
Ent (1-17) (V-En)v= (=07 | e #|VxB. (39 that for a nonmagnetizable cylindgr=1, we find that the
o ] ) polarization and magnetization observed in the lab frame are
To simplify Eq. (39), we take the rotational velocity to be
) ) . : . 1
v=wre,, wherer is the radius of the cylinder and is the p= yp (e—1)E’, (453
a

angular velocity of rotation. In addition, we take the mag-
netic field to be directed in the positive direction: B )
=Bye,. Taking note that in the case of a cylinder rotating M= e (1—e)vxE". (45b)

about its axis, the electric fiel,y is directed perpendicular . . . :
to both the velocityw and the magnetic fielB,22 we find that ~ 11US, according to Eq45b), a rotating polarized cylinder

Ea. (39) simplifies to gives rise to a magnetization in the lab frame. Upon compar-
d- (39) simplif 1 ing Eqgs.(45) with Egs.(23), we find that observers in the lab
EIN:w—rz ——M) Bod . (40) frame detect a polarization and magnetization given by

(1-v%) \e P=P', (463
When the rotational velocity is taken to be very much M=P’ xv, (46b)

smaller than the velocity of light, terms of order higher than o ) )
v may be neglected. Upon carrying this out, we find that theVhere quantities in the rotating frame carry a prime, &nd
electric field within the material of the cylinder simplifies to =r€y is the rotational velocity of the cylinder relative to

1 the lab frame. Equation@6) agree with known experimental
En= wl’(—— | Bok . (41  results, and can be derived on the basis of special relatfVity.
€ Equations(44) can also be used to analyze the case of a

This radially directed electric field leads to the electric po-magnetizable cylinder rotating in the lab frame, in an exter-
tential of Eq.(31); thus we have successfully used specialnal, axially directed magnetic field. Substituting the lab-
relativity, in conjunction with Maxwell's equations, to derive frame fieldsE=0 andB+0 into Egs.(24), we find that the
the Wilsons’ experimental restft!!in the lab frame. fields observed in the rotating frame @é=vxB and B’
=B. Using these fields in Eq$44), and noting that=1 for
a nonpolarizable cylinder, we find that the polarization and

VI. POLARIZATION AND MAGNETIZATION magnetization observed in the lab frame are
1
As shown in Sec. IV, constitutive equations in the rotating  P= yp. (1— —|vxB’, (479
frame can be transformed to the laboratory frame by use of ™ K
Egs.(24) and Eqs(25). Herein, we use a similar approach to 1 1), b
find the polarization and magnetization observed in the lab M= A 1- n B. (47D

frame, but expressed in terms of fields observed in the rotat- i
ing frame. We begin by noting that the polarizatiBh and ]\cNhen Egs.(47) arg ctomtparedl to E?_QZB), V‘C’je find thf.‘t Ii‘.b'
magnetizatiorM '’ in the rotating frame can be related to the rame observers detect a polarization and magnetization ac-

polarizationP and magnetizatioM in the lab frame by a cording to )

transformation of the forft%% P=vxM’, (489
P'=P—vXxM, (423 M=M', (48b
M’'=M, (42  where as before, quantities in the rotating frame carry a

Wé)rime, andv= wré¢ is the rotational velocity of the cylinder

relative to the lab frame. Just as in the case of E4f), Egs.
¢(48) agree with known experimental results, and can be de-
Jived on the basis of special relativity.

where quantities in the rotating frame carry a prime, and
have neglected terms of order higher thanAn inverse
transformation can be obtained by simply switching prime
and unprimed quantities, and reversing the sign of the velo
ity:

P=P'+vXM’, (439  VIl. CONCLUSIONS

M=M". (43b We have shown one method by which relativistic electro-

When written in terms of Eqs(23), the polarization and dynamics can be extended to include rotating linear media.

magnetization observed in the lab frame become We first derived general fleld_ equations for the rotating rt_af-
erence frame, expressed in three-dimensional notation.

VXB' (449 Fields in the presence of matter were then related to the
' electric and magnetic fields by use of Minkowski’'s covariant

P= (e~ )E'+ |1~
Tap VR
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constitutive equation%®-'°We showed that using Minkows- 1 —v, v, 0
ki's covariant constitutive equations in rotating coordinates

2
leads directly to the correct constitutive equations and hence .5 _| ~"x I+vi vy 0 A2
to the correct field equations in the rotating fratrie. addi- 9= - Vv —1+2 0 (A2)
tion, we showed that Minkowski's covariant constitutive Y Y Y
equations can also be used to delrive the polarization and 0 0 0 -1
magnetization in the rotating franfe: - Using the metric tensor in rotating coordinates and the trans-
Two methods were used to derive the constitutive equas,mation for a covariant second rank ten&or
tions in the laboratory reference frame. In the first method, '
field transformations were used to transform the constitutive yo o, oxE XY
equations from the rotating frame to the laboratory frame; in Nap™ pv Zyra 3B (A3)

the second method, Minkowski’'s covariant constitutive ) ) ] o
equationgs_lo were used direct|y in the |aboratory frame we obtain a transformation which relates quantltles in the

with the four-velocity of the rotating medium. Upon rear- fotating frame to those in a momentarily comoving reference
ranging the lab-frame constitutive equations’ we foundframe(MCRF) of an observer at rest in the I’Otatlng fraﬁqe:

agreement with the 1908 constitutive equations of Y vy? ,,yyZ 0

Minkowski®°~! obtained on the basis of special relativity.

Thus it is readily apparent that special relativity can be used a_ax_/a _ 0 1 CE (A%)
to analyze experiments involving rotational motion. To ex- Foox"® 1o o0 1 0}

emplify the use of special relativity, we used the laboratory 0o o 0 1

constitutive equations in conjunction with Maxwell’'s field

equations to derive the electric potential observed in th‘?/vhereyz 1/J1— 2. We can now use EqA4) to transform

: : : A1
1913 experiment of WI|SOI’1. and Wilsdri. . o the electromagnetic tensor from the rotating frame to the
As a further demonstration of the special relativity con- jpcarvers MCRF by using

nection, transformations were used to relate the polarization T
and magnetization in the laboratory frame to fields observed F"=L'F'L, (A5)
in the rotating frame. We then considered the case in which

a polarizable cylinder rotates in the lab frame, in an externalWhereF is the electromagnetic tensor in the MCRF, 4rid

axially directed electric field. Upon using the fields observed® e transpose of EqA4). Upon carrying out the matrix
in thg rotating frame in the trrz)insforngition equations, an ultiplication in Eq.(A5), we find that fields in the rotating

setting the magnetic permeability equal to unity, we found rame are related to those in the MCRF by

that lab-frame observers detect a polarization and magneti- E"=yE’, (A6a)
zation in agreement with the predictions of special v _pr 2 '

relativity1° Similarly, we considered the case in which a © 5 7 (vxE"), (A6b)
magnetizable cylinder rotates in the lab frame, in an externalyhere quantities in the MCRF carry a double prime.
axially directed magnetic field. As before, we used the fields Although the rotating frame has a rotational velocity
observed in the rotating frame in the transformation equa= ,, & relative to the lab frame, at any given instant, the
tions, but this time we set the electric permittivity equal toy\,crf appears to have a uniform velocityrelative to the
unity. Upon carrying this out, we found once again that Iab'lab frame. Thus, with Eq€A6) in hand, we can relate fields

frame observers detect a polarization and magnetization i[, ihe MCREF to those observed in the lab frame by using the
accordance with the predictions of special relativfty. well-known special relativity transformati&h
We conclude that relativistic electrodynamics can be used )

for rotating linear media only when one uses a covariant

form of the constitutive equations. More particularly, we E'=y(E+vxB)- y+1 (vV-B)v, (A7)
conclude that special relativity can indeed be used in the 5
analysis of experiments involving rotational motion. B"=y(B—VXE)— 1 (v-B)v. (A7b)

By equating Eqs(A6) and Eqs.(A7) and solving for quan-
APPENDIX tities in the rotating frame, we obtain a transformation that

relates fields in the rotating frame to fields in the laboratory

We wish to derive a transformation that relates fields obframe:
served in the rotating reference frame to those observed in
the laboratory frame. We begin by noting that the metric E'=E+vx B_L (Vv-E)v, (A8a)
tensor in the rotating coordinate systerh®i$ y+1
2

1-v» —v —w, O B'=y(B—VXE)+ y?*vX(E+VvxB)— 1 (v-B)v.
) -v, -1 0 0 (A8b)
gaﬂ: _ O -1 0 ’ (Al) . i
vy Using the same procedure used to obtain E48), analo-
0 0 0o -1 gous transformations for auxiliary fieldd3 andH’ are also
obtained:
— 2 — ' 2_ .2
where we have takemw, wy', vy=oXx', and v°=; D' =D+ vxH— Y (v-D)V. (A9a)

+ vf,. The inverse metric tensor in rotating coordinaté’s is v+1
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