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We apply relativistic electrodynamics to a rotating linear medium. Covariant field equations are
used to derive general field equations in a rotating coordinate system. We argue that the relation
between fields in the presence of matter and those in a vacuum is necessarily dependent upon the
coordinate system used. Constitutive equations are then derived in the rotating and laboratory
reference frames. We find that our constitutive equations in the laboratory frame agree with
Minkowski’s constitutive equations, derived on the basis of special relativity in 1908. Thus we
conclude that special relativity can be used in the analysis of experiments involving rotational
motion. To exemplify the use of special relativity, we derive an experimentally observed result of
a 1913 experiment performed by Wilson and Wilson in which a polarizable, permeable cylinder was
rotated in a uniform, axially directed magnetic field. ©1998 American Association of Physics Teachers.
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I. INTRODUCTION

For more than 80 years, the compatibility of special re
tivity and classical electrodynamics has been generally
cepted; however, there still exists one area of the sub
which apparently leads to some confusion. How does
114 Am. J. Phys.66 ~2!, February 1998
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apply relativistic electrodynamics to a material medium
More particularly, how does one deal with rotating mater
media? There is no ambiguity when the relative motion
uniform; however, as pointed out in a recent article by P
legrini and Swift,1 rotational motion of a material medium
114© 1998 American Association of Physics Teachers
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leads to considerable confusion. This paper addresses
simplest method by which relativistic electrodynamics c
be applied to a rotating material medium.

One important point to recognize is that a rotating ref
ence frame is not a truly inertial frame, due to the prese
of inertial forces therein. The application of Maxwell’s equ
tions to accelerating frames is straightforward, being dicta
by the principle of general covariance coupled with t
equivalence principle.1–4 When matter is present, howeve
the response of the material must also be considered. F
in the presence of an isotropic, linear material are relate
fields E and B by the constitutive equationsD5eE and B
5mH, where the fieldsD and H are the electric and mag
netic fields in the presence of a material with electric perm
tivity e and magnetic permeabilitym. We have no reason to
presuppose that these constitutive equations should be in
ant; in fact, the constitutive equations are known to be fra
dependent.5–8 It is our opinion that the confusion surround
ing rotating material media arises from a failure to recogn
the frame dependence of the constitutive equations.

In the next section we use a covariant form of Maxwel
equations in rotating coordinates to derive three-dimensio
field equations for the rotating reference frame. We start
noting that the covariant derivative can be written as an
dinary partial derivative in rotating coordinates. We then o
tain general field equations in three-dimensional notati
expressed in terms of the fields in the presence of matter.
discuss the need for constitutive equations with which
relate fields in matter to those in a vacuum.

In Sec. III we introduce Minkowski’s covariant constitu
tive equations for uniform motion,6,8–10 and show how they
are used for the case of uniformly moving material me
observed in an inertial frame of reference. We then exp
that in order to use Minkowski’s covariant constitutive equ
tions in a noninertial frame, one must simply raise and low
tensor indices with the metric tensor in arbitrary coordinat
Adhering to this familiar rule, we then derive constitutiv
equations in the rotating coordinate system. Upon subst
ing these constitutive equations into the field equations,
rived in Sec. II, we obtain field equations for the rotati
frame. When the rotational velocity is much smaller than t
of light, the field equations assume a form known to ag
with all experimental results to date.1 In addition, we intro-
duce covariant equations for the polarization and magnet
tion, which are then used to determine the polarization
magnetization in the rotating reference frame. And fina
we introduce and discuss an alternative derivation of the fi
equations, utilizing the polarization and magnetization.

Section IV is devoted to the laboratory reference fram
We introduce two methods by which constitutive equatio
for a rotating material can be derived in the lab frame. W
the first method, one uses field transformations to transf
the constitutive equations from the rotating frame to the
frame. The second method of derivation consists of expr
ing Minkowski’s covariant constitutive equations6,8–10in the
lab frame, and using the four-velocity of the rotating ma
rial. Both methods produce the same end result: constitu
equations which agree with those first derived by Minkow
in 1908, using special relativity.6,9–11 On the basis of this
agreement, we come to the conclusion that special relati
can be used to analyze experiments involving rotational m
tion.

In Sec. V, we demonstrate the application of special re
tivity to rotational motion by deriving an experimentally ob
115 Am. J. Phys., Vol. 66, No. 2, February 1998
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served result of a 1913 experiment of Wilson a
Wilson.1,11,12The Wilsons measured an electric potential b
tween the inner and outer surfaces of a polarizable, per
able cylinder set in rotation within a uniform, axially d
rected magnetic field. The measured electric potential clos
agreed with a potential predicted by special relativity.1,9,11

We derive this electric potential, using Maxwell’s equatio
in conjunction with the constitutive equations, in the la
frame.

We begin Sec. VI by considering a field transformati
that relates the polarization and magnetization in the rota
frame to the polarization and magnetization observed in
lab frame. We then obtain the polarization and magnetiza
in the lab frame, written in terms of fields observed in t
rotating frame. The polarization and magnetization in the
frame are then used to analyze two well-known experime
First, we consider the case in which a polarizable cylind
rotates in the lab frame, in an external, axially directed el
tric field. Next, we consider the case in which a magnetiza
cylinder rotates in the lab frame, in an external, axially
rected magnetic field. In each case, we find a result
agrees with the predictions of special relativity.10

In the Appendix we derive field transformations that rela
quantities in the rotating frame to those in the lab frame. W
begin by deriving a transformation that relates fields in
rotating frame to those in a momentarily comoving referen
frame ~MCRF! of an observer at rest in the rotating fram
Fields in the MCRF are then related to those in the lab fra
by use of well-known special relativity field trans
formations.13 Upon eliminating MCRF quantities betwee
the two transformations, we are left with a transformati
relating fields in the rotating frame to fields in the lab fram

II. FIELD EQUATIONS IN A ROTATING FRAME

Although rotation does not lead to space–time curvatur
rotating reference frame is not a truly inertial frame of re
erence due to the presence of inertial forces.1,4,14–16 Max-
well’s equations can be extended to encompass acceler
reference frames by using the covariant field equations
arbitrary coordinates:2

“aFab54p j b, ~1a!

emnkl
“nFkl50, ~1b!

where source charges and currents are given by the cu
four-vector j b and we have used, and will continue to us
units in which the speed of light is set equal to unity:c51.
We start by choosing to work with a covariant form of th
electromagnetic field tensorFab ,17 defined as

Fab5S 0 Ex Ey Ez

2Ex 0 2Bz By

2Ey Bz 0 2Bx

2Ez 2By Bx 0

D . ~2!

The contravariant electromagnetic tensor is then obtai
simply by raising indices with the inverse metric tensor:

Fab5gamgbnFmn . ~3!

When written in terms of the covariant electromagnetic te
sor, Eq.~1a! assumes the form

“a~gamgbnFmn!54p j b. ~4!

When the field equations are to take the presence of ma
into account, we introduce another covariant electromagn
115Charles T. Ridgely
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tensor, composed of the components of the electric and m
netic fields in the presence of matter.18 This tensor is defined
as

Hab5S 0 Dx Dy Dz

2Dx 0 2Hz Hy

2Dy Hz 0 2Hx

2Dz 2Hy Hx 0

D , ~5!

whereD and H are the electric displacement and magne
field, respectively. Using this electromagnetic tensor,
field equations take on the form

“a~gamgbnHmn!54p j b, ~6a!

emnkl
“nFkl50, ~6b!

where free charges and currents are given by the cur
four-vector j b.

We wish to write Eqs.~6! in three-dimensional notation
but before doing so we take note of a great simplification
rotating coordinates, the covariant derivative is exactly eq
to the ordinary partial derivative.19 Taking this into consid-
eration, the field equations assume the form

]a~gamgbnHmn!54p j b, ~7a!

emnkl]nFkl50. ~7b!

Using the metric tensor in rotating coordinates, given in
Appendix, and limiting ourselves to the case of static fiel
the field equations become

“–~D82v3H8!54pr8, ~8a!

“–B850, ~8b!

“3E850, ~8c!

“3@H82v3D81v3~v3H8!#54p j 8, ~8d!

where quantities in the rotating frame carry a prime, a
observers at rest in the rotating frame have velocityv
5vr êf relative to the laboratory frame. Equations~8! are
the general field equations for the rotating reference fra
written in three-dimensional notation.

As yet, we have not specified a relationship between
auxiliary fields,D andH, and fundamental fields,E andB.
Recall that we defined tensorsFab andHab in the rotating
reference frame, but we said nothing of the relationship
tween fields. Thus, while the tensorFab is well understood
to comprise the components of the fundamental electric
magnetic fields, the tensorHab is merely a definition at this
point. We can relate auxiliary fields in the presence of ma
to the fundamental fields with constitutive equations of
general form13

D5D@E,B#, ~9a!

H5H@E,B#, ~9b!

where the square brackets are used to indicate that the
tionship may not necessarily be simple, and in fact may
pend upon the past history of the material. However,
question arises: What form do the constitutive equations t
in a noninertial frame?

III. CONSTITUTIVE EQUATIONS IN ROTATING
COORDINATES

As mentioned in the last section, auxiliary fields in t
presence of matter can be related to the fundamental field
use of constitutive equations in the rotating reference fra
116 Am. J. Phys., Vol. 66, No. 2, February 1998
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We start by considering a covariant form of the constitut
equations, first introduced by Minkowski in 1908.6,9,10

Hlmum5eFlmum, ~10a!

eslmnFlmun5meslmnHlmun , ~10b!

where eslmn is the fourth-rank Levi–Civita antisymmetri
tensor withe0123511, and electric permittivitye and mag-
netic permeabilitym are proper quantities defined in the loc
rest frame of the material. When Eqs.~10! are used for the
special relativistic case of uniformly moving linear med
observed from an inertial frame of reference, we take
four-velocity of the moving material to beum5g(1,v),
whereg51/A12n2. Upon using the electromagnetic tenso
given by Eqs.~2! and~5!, Eqs.~10! then lead to the genera
result

D1v3H5e~E1v3B!, ~11a!

B1E3v5m~H1D3v!, ~11b!

wherev is the uniform velocity of the moving material rela
tive to the inertial frame. Solving Eqs.~11! for D andB leads
directly to

D5
1

~12emn2!
$eE~12n2!1~em21!

3@v3H2e~v–E!v#%, ~12a!

B5
1

~12emn2!
$mH~12n2!2~em21!

3@v3E2m~v–H!v#%. ~12b!

Equations~12! were first introduced in 1908 by Minkowsk
for the special relativistic case of uniformly moving line
media observed from an inertial frame. Thus Eqs.~12! are
referred to as Minkowski’s constitutive equations.6,9–11

In order to obtain constitutive equations in the rotati
frame, we need to generalize Eqs.~10! to noninertial frames
of reference. Such a generalization can most simply be
ried out by recognizing that in arbitrary coordinates, ten
indices must be raised and lowered with the metric tens
With this in mind, the constitutive equations may be writt
as

Hlmum5eFlmum, ~13a!

eslmnFlmgnaua5meslmnHlmgnaua. ~13b!

Thus we can find constitutive equations in any coordin
system, so long as we know the components of the fo
velocity um.

We wish to apply Eqs.~13! to a rotating frame and obtain
the constitutive equations therein, expressed in thr
dimensional notation. An observer at rest in the rotat
frame has a four-velocityum5g(1,0,0,0), where, as before
g51/A12n2. With this four-velocity, Eqs.~13! become

Hl05eFl0 , ~14a!

eslmnFlmgn05meslmnHlmgn0 . ~14b!

Using the metric tensor for rotating coordinates, given in
Appendix, we find that observers at rest in the rotating fra
must use the relations

D85eE8, ~15a!

~12n2!B81E83v5m@~12n2!H81D83v#, ~15b!

where observers at rest in the rotating frame have a velo
v5vr êf relative to the laboratory reference frame. Solvi
116Charles T. Ridgely
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Eqs.~15! for D8 andH8, we find that the constitutive equa
tions in the rotating frame are

D85eE8, ~16a!

H85
1

m
B81

1

~12n2! S e2
1

m D v3E8. ~16b!

Now we have the desired relationship between auxili
and fundamental fields in the rotating reference fram
Simple substitution of Eqs.~16! into the field equations lead
directly to

“–S eE82v3
1

m
B82

1

~12n2! S e2
1

m D v3~v3E8! D
54pr8, ~17a!

“–B850, ~17b!

“3E850, ~17c!

“3H 1

m
@B82v3E81v3~v3B8!#J 54p j 8. ~17d!

These field equations are those used by observers at re
the rotating frame. When the speed of rotation is taken to
much smaller than that of light, Eqs.~17! simplify to a form
known to agree with all experimental results to date:1

“–S eE82v3
1

m
B8D54pr8, ~18a!

“–B850, ~18b!

“3E850, ~18c!

“3H 1

m
@B82v3E8#J 54p j 8. ~18d!

At this point, we should mention that rotating observe
could just as easily obtain Eqs.~17! by using the polarization
P8 and magnetizationM 8. Since we have already committe
ourselves to the covariant convention by choosing to w
with covariant electromagnetic tensorsHab and Fab , we
continue by choosing a definition of the electromagnetic t
sor Hab given by

Hab5Fab24pMab , ~19!

where the tensorMab is a magnetization four-tensor.10,13 In-
sisting that auxiliary fieldsD8 and H8 are defined in the
rotating frame according to

D85E814pP8, ~20a!

H85B824pM 8, ~20b!

we are led directly to a covariant magnetization tensor co
posed of the vector components of the polarization a
magnetization:10,13,20

Mab5S 0 2Px 2Py 2Pz

Px 0 2Mz M y

Py Mz 0 2Mx

Pz 2M y Mx 0

D . ~21!

Substituting Eq.~19! into each of Eqs.~10!, and then solving
for Mab , we find that the covariant equations for the pola
ization and magnetization are9,21

Mlmum5
1

4p
~e21!Fmlum, ~22a!
117 Am. J. Phys., Vol. 66, No. 2, February 1998
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eslmnMlmun5
1

4p S 12
1

m D eslmnFlmun . ~22b!

With a knowledge of the four-velocity, we can use Eqs.~22!
to find the polarization and magnetization in any referen
frame we choose.

Following the same steps as those used in the derivatio
the constitutive equations, we find that the polarization a
magnetization in the rotating frame are

P85
1

4p
~e21!E8, ~23a!

M 85
1

4p S 12
1

m DB81
1

4p~12n2! S 1

m
2e D v3E8.

~23b!

To use Eqs.~23! in the field equations, we merely recall th
the definitions of the fieldsD8 andH8 are given by Eqs.~20!.
Upon substituting Eqs.~23! into Eqs.~20! we find a pair of
equations identical to Eqs.~16!, the constitutive equations in
the rotating reference frame. Hence, one finds field equat
that are identical to Eqs.~17! in the rotating reference frame

IV. THE LABORATORY REFERENCE FRAME

In the preceding section, all calculations were perform
in the rotating reference frame. Now we transform the co
stitutive equations from the rotating frame to the laborato
frame. As shown in the Appendix, fields in the rotatin
frame are related to those observed in the lab frame by fi
transformations:

E85E1v3B2
g

g11
~v–E!v, ~24a!

B85g~B2v3E!1g2v3~E1v3B!2
g2

g11
~v–B!v,

~24b!

where the prime denotes quantities in the rotating frame,
g51/A12n2. Using the same procedure used to obtain E
~24!, similar transformations are found for the auxilia
fields:

D85D1v3H2
g

g11
~v–D!v, ~25a!

H85g~H2v3D!1g2v3~D1v3H!2
g2

g11
~v–B!v.

~25b!

Simply by substituting Eqs.~24! and Eqs.~25! into Eqs.
~16!, and then solving the resulting expressions forD andH,
we find constitutive equations for the rotating medium, o
served in the laboratory frame:

D5
1

~12n2! H S e2
n2

m DE1S e2
1

m D @v3B2~v–E!v#J ,

~26a!

H5
1

~12n2! H S 1

m
2en2DB1S e2

1

m D
3@v3E1~v–B!v#J . ~26b!

Upon rearranging Eqs.~26!, we find that the resulting equa
tions are identical to Minkowski’s constitutive equation
117Charles T. Ridgely
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first obtained in 1908 by using special relativity for the ca
of uniform motion:6,9–11

D5
1

~12emn2!
$eE~12n2!1~em21!

3@v3H2e~v–E!v#%, ~27a!

B5
1

~12emn2!
$mH~12n2!2~em21!

3@v3E2m~v–H!v#%. ~27b!

Thus, by starting with Eqs.~1! and using the rules of genera
covariance, we have been led to Eqs.~27!, the special rela-
tivity result. This implies that observers in the laborato
reference frame have a choice: they can either start t
analysis with Eqs.~1! in rotating coordinates or they ca
simply use Eqs.~27!, obtained on the basis of special rel
tivity.

Another method by which lab-frame observers can der
constitutive equations for a rotating body is simply to u
Eqs.~10!. Lab-frame observers use the metric for their ow
flat space–time and the four-velocity of the rotating mate
as observed in the lab frame. Thus lab-frame observers

hab5diag~1,21,21,21!, ~28!

um5g~1,v!, ~29!

wherev is not uniform, but rather is the rotational velocity o
the material with componentsnx52vy andny5vx. Using
these equations in Eqs.~10! leads directly to

D1v3H5e~E1v3B!, ~30a!

B1E3v5m~H1D3v!. ~30b!

Solving these equations forD and B leads directly to
Minkowski’s constitutive equations,6,9–11Eqs.~27!. Thus, by
using two different methods, we find that the end res
agrees with Eqs.~12!, derived on the basis of special relati
ity. This implies that special relativity may be used for rot
tional motion.

V. DERIVATION OF THE WILSONS’
EXPERIMENTAL RESULT

In 1913 M. Wilson and H. A. Wilson performed an ex
periment in which a cylinder with electric permittivitye and
magnetic permeabilitym was rotated within a uniform, axi
ally directed magnetic field.1,11,12Figure 1 shows a sectiona
view of a general embodiment of the Wilsons’ experime
The Wilsons measured an electric potential, between in
and outer surfaces of the cylinder, which closely agreed w
the special relativistic prediction1,9,11

DV5
1

2 S m2
1

e D ~r 2
22r 1

2!vb0 , ~31!

where terms of higher order thann have been neglected
Herein we derive Eq.~31! to demonstrate one method b
which special relativity can be used to analyze experime
involving rotational motion.

The Wilsons designed their experiment to preclude f
charges and currents; in addition, static fields w
used.1,9,11,12Under these conditions, observers in the labo
tory frame write Maxwell’s field equations as

“–D50, ~32a!

“–B50, ~32b!
118 Am. J. Phys., Vol. 66, No. 2, February 1998
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“3E50, ~32c!

“3H50. ~32d!

In addition to these field equations, lab-frame observers
Eqs.~26! and thus rewrite the field equations in the form

“–H 1

~12n2! F S e2
n2

m DE1S e2
1

m D @v3B2~v–E!v#G J
50, ~33a!

“–B50, ~33b!

“3E50, ~33c!

“3H 1

~12n2! F S 1

m
2en2DB1S e2

1

m D
3@v3E1~v–B!v#G J 50, ~33d!

where v5vr êf is the rotational velocity of the cylinder
Since the magnetic field is parallel to the axis of the rotat
cylinder, and we assume that the cylinder is sufficiently lo
for end effects to be ignored, Eq.~33a! implies that

S e IN2
n2

m IN
DEIN1S e IN2

1

m IN
D @v3BIN2~v–EIN!v#

5~12n2!EOUT, ~34!

where the subscripts denote quantities taken inside or out
the material, and we have takeneOUT and mOUT equal to
unity. Outside the material, the only fields present are

EOUT50, ~35!

BOUT5B. ~36!

Using these fields and rearranging somewhat, Eq.~34! be-
comes

~em2n2!EIN5~12em!v3BIN1~em21!~v–EIN!v,
~37!

where the subscripts have been dropped frome andm. Once
again taking into consideration that the magnetic field is p

Fig. 1. Sectional view of a general embodiment of the Wilsons’ experim
A long cylinder of polarizable, permeable material rotates in an exter
axially directed magnetic field. An electric potential is measured betw
inner and outer surfaces of the cylinder.
118Charles T. Ridgely
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allel to the axis of the rotating cylinder, after some rearra
ing Eq. ~33d! implies that

~12em!v3BIN5
m~12em!~12n2!

~12emn2!
v3B

1
~em21!2

~12emn2!
v3~v3EIN!. ~38!

Using Eq.~38! in Eq. ~37!, and then solving for the electri
field inside the material, we find that Eq.~37! becomes

EIN1
~12em!

~12n2!
~v–EIN!v5

1

~12n2! S 1

e
2m D v3B. ~39!

To simplify Eq. ~39!, we take the rotational velocity to b
v5vr êf , wherer is the radius of the cylinder andv is the
angular velocity of rotation. In addition, we take the ma
netic field to be directed in the positivez direction: B
5B0êz . Taking note that in the case of a cylinder rotati
about its axis, the electric fieldEIN is directed perpendicula
to both the velocityv and the magnetic fieldB,22 we find that
Eq. ~39! simplifies to

EIN5
vr

~12n2! S 1

e
2m DB0êr . ~40!

When the rotational velocity is taken to be very mu
smaller than the velocity of light, terms of order higher th
n may be neglected. Upon carrying this out, we find that
electric field within the material of the cylinder simplifies

EIN5vr S 1

e
2m DB0êr . ~41!

This radially directed electric field leads to the electric p
tential of Eq. ~31!; thus we have successfully used spec
relativity, in conjunction with Maxwell’s equations, to deriv
the Wilsons’ experimental result1,9,11 in the lab frame.

VI. POLARIZATION AND MAGNETIZATION

As shown in Sec. IV, constitutive equations in the rotati
frame can be transformed to the laboratory frame by us
Eqs.~24! and Eqs.~25!. Herein, we use a similar approach
find the polarization and magnetization observed in the
frame, but expressed in terms of fields observed in the ro
ing frame. We begin by noting that the polarizationP8 and
magnetizationM 8 in the rotating frame can be related to th
polarizationP and magnetizationM in the lab frame by a
transformation of the form9,10,21

P85P2v3M , ~42a!

M 85M , ~42b!

where quantities in the rotating frame carry a prime, and
have neglected terms of order higher thann. An inverse
transformation can be obtained by simply switching prim
and unprimed quantities, and reversing the sign of the ve
ity:

P5P81v3M 8, ~43a!

M5M 8. ~43b!

When written in terms of Eqs.~23!, the polarization and
magnetization observed in the lab frame become

P5
1

4p
~e21!E81

1

4p S 12
1

m D v3B8, ~44a!
119 Am. J. Phys., Vol. 66, No. 2, February 1998
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M5
1

4p S 12
1

m DB81
1

4p S 1

m
2e D v3E8. ~44b!

With a knowledge of the fields observed in the rotati
frame, Eqs.~44! can be used to determine the polarizati
and magnetization observed in the lab frame.

We first consider the case in which a polarizable cylind
rotates in the lab frame, in an external electric field direc
along the axis of rotation:EÞ0 andB50. According to Eqs.
~24!, the fields observed in the rotating frame are thenE8
5E and B850. Using these fields in Eqs.~44!, and noting
that for a nonmagnetizable cylinderm51, we find that the
polarization and magnetization observed in the lab frame

P5
1

4p
~e21!E8, ~45a!

M5
1

4p
~12e!v3E8. ~45b!

Thus, according to Eq.~45b!, a rotating polarized cylinder
gives rise to a magnetization in the lab frame. Upon comp
ing Eqs.~45! with Eqs.~23!, we find that observers in the la
frame detect a polarization and magnetization given by

P5P8, ~46a!

M5P83v, ~46b!

where quantities in the rotating frame carry a prime, andv
5vr êf is the rotational velocity of the cylinder relative t
the lab frame. Equations~46! agree with known experimenta
results, and can be derived on the basis of special relativit10

Equations~44! can also be used to analyze the case o
magnetizable cylinder rotating in the lab frame, in an ext
nal, axially directed magnetic field. Substituting the la
frame fieldsE50 andBÞ0 into Eqs.~24!, we find that the
fields observed in the rotating frame areE85v3B and B8
5B. Using these fields in Eqs.~44!, and noting thate51 for
a nonpolarizable cylinder, we find that the polarization a
magnetization observed in the lab frame are

P5
1

4p S 12
1

m D v3B8, ~47a!

M5
1

4p S 12
1

m DB8. ~47b!

When Eqs.~47! are compared to Eqs.~23!, we find that lab-
frame observers detect a polarization and magnetization
cording to

P5v3M 8, ~48a!

M5M 8, ~48b!

where as before, quantities in the rotating frame carry
prime, andv5vr êf is the rotational velocity of the cylinde
relative to the lab frame. Just as in the case of Eqs.~46!, Eqs.
~48! agree with known experimental results, and can be
rived on the basis of special relativity.10

VII. CONCLUSIONS

We have shown one method by which relativistic elect
dynamics can be extended to include rotating linear me
We first derived general field equations for the rotating r
erence frame, expressed in three-dimensional notat
Fields in the presence of matter were then related to
electric and magnetic fields by use of Minkowski’s covaria
119Charles T. Ridgely
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constitutive equations.6,8–10We showed that using Minkows
ki’s covariant constitutive equations in rotating coordina
leads directly to the correct constitutive equations and he
to the correct field equations in the rotating frame.1 In addi-
tion, we showed that Minkowski’s covariant constitutiv
equations can also be used to derive the polarization
magnetization in the rotating frame.9,21

Two methods were used to derive the constitutive eq
tions in the laboratory reference frame. In the first meth
field transformations were used to transform the constitu
equations from the rotating frame to the laboratory frame
the second method, Minkowski’s covariant constituti
equations6,8–10 were used directly in the laboratory fram
with the four-velocity of the rotating medium. Upon rea
ranging the lab-frame constitutive equations, we fou
agreement with the 1908 constitutive equations
Minkowski,6,9–11 obtained on the basis of special relativit
Thus it is readily apparent that special relativity can be u
to analyze experiments involving rotational motion. To e
emplify the use of special relativity, we used the laborato
constitutive equations in conjunction with Maxwell’s fie
equations to derive the electric potential observed in
1913 experiment of Wilson and Wilson.1,9,11

As a further demonstration of the special relativity co
nection, transformations were used to relate the polariza
and magnetization in the laboratory frame to fields obser
in the rotating frame. We then considered the case in wh
a polarizable cylinder rotates in the lab frame, in an exter
axially directed electric field. Upon using the fields observ
in the rotating frame in the transformation equations, a
setting the magnetic permeability equal to unity, we fou
that lab-frame observers detect a polarization and magn
zation in agreement with the predictions of spec
relativity.10 Similarly, we considered the case in which
magnetizable cylinder rotates in the lab frame, in an exter
axially directed magnetic field. As before, we used the fie
observed in the rotating frame in the transformation eq
tions, but this time we set the electric permittivity equal
unity. Upon carrying this out, we found once again that la
frame observers detect a polarization and magnetizatio
accordance with the predictions of special relativity.10

We conclude that relativistic electrodynamics can be u
for rotating linear media only when one uses a covari
form of the constitutive equations. More particularly, w
conclude that special relativity can indeed be used in
analysis of experiments involving rotational motion.

APPENDIX

We wish to derive a transformation that relates fields
served in the rotating reference frame to those observe
the laboratory frame. We begin by noting that the met
tensor in the rotating coordinate system is1,3,23

gab8 5S 12n2 2nx 2ny 0

2nx 21 0 0

2ny 0 21 0

0 0 0 21

D , ~A1!

where we have takennx52vy8, ny5vx8, and n25nx
2

1ny
2. The inverse metric tensor in rotating coordinates is3
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g8ab5S 1 2nx 2ny 0

2nx 211nx
2 nxny 0

2ny nxny 211ny
2 0

0 0 0 21

D . ~A2!

Using the metric tensor in rotating coordinates and the tra
formation for a covariant second rank tensor,2

hab9 5gmn8
]x8m

]x9a

]x8n

]x9b , ~A3!

we obtain a transformation which relates quantities in
rotating frame to those in a momentarily comoving referen
frame~MCRF! of an observer at rest in the rotating frame20

Lb
a5

]x8a

]x9b 5S g nxg
2 nyg

2 0

0 1 0 0

0 0 1 0

0 0 0 1

D , ~A4!

whereg51/A12n2. We can now use Eq.~A4! to transform
the electromagnetic tensor from the rotating frame to
observer’s MCRF by using

F95LTF8L, ~A5!

whereF9 is the electromagnetic tensor in the MCRF, andLT

is the transpose of Eq.~A4!. Upon carrying out the matrix
multiplication in Eq.~A5!, we find that fields in the rotating
frame are related to those in the MCRF by

E95gE8, ~A6a!

B95B82g2~v3E8!, ~A6b!

where quantities in the MCRF carry a double prime.
Although the rotating frame has a rotational velocityv

5vr êf relative to the lab frame, at any given instant, t
MCRF appears to have a uniform velocityv relative to the
lab frame. Thus, with Eqs.~A6! in hand, we can relate field
in the MCRF to those observed in the lab frame by using
well-known special relativity transformation13

E95g~E1v3B!2
g2

g11
~v–E!v, ~A7a!

B95g~B2v3E!2
g2

g11
~v–B!v. ~A7b!

By equating Eqs.~A6! and Eqs.~A7! and solving for quan-
tities in the rotating frame, we obtain a transformation th
relates fields in the rotating frame to fields in the laborato
frame:

E85E1v3B2
g

g11
~v–E!v, ~A8a!

B85g~B2v3E!1g2v3~E1v3B!2
g2

g11
~v–B!v.

~A8b!

Using the same procedure used to obtain Eqs.~A8!, analo-
gous transformations for auxiliary fieldsD8 andH8 are also
obtained:

D85D1v3H2
g

g11
~v–D!v, ~A9a!
120Charles T. Ridgely



e

g

rce

d,

e,’

,

,

J.

s as
e

riant

n
e

as

t

hoice

S.

of
ctric

J.
H85g~H2v3D!1g2v3~D1v3H!2
g2

g11
~v–H!v.

~A9b!

We note that when the speed of rotation is taken to be v
much less than the speed of light, Eqs.~A8! simplify to a
more familiar form:4,24

E85E1v3B, ~A10a!

B85B. ~A10b!
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